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PEEFAOE, 



This book originated in a desire to give to my 
private pupils a better idea of the trigonometric 
functions of obtuse angles than they could obtain 
from any book with which I was acquainted- 

I believe that a student can get a comprehensive 
and thorough knowledge of trigonometry most 
quickly and easily, if, at the outset, such definitions 
are given to the trigonometric functions as will 
apply to all angles : with this idea for a basis, I have 
endeavored to prepare an elementary text-book for 
general use. By beginning with an explanation of 
the use of the negative sign as applied to lines and 
angles, and then giving general definitions to the 
trigonometric functions, I have been able to demon- 
strate all the fundamental formulas in a perfectly 
general yet simple manner. 

While I have tried to present the subject from an 
elementary point of view, I have not lost sight of the 
fact, that, to most students, trigonometry is merely a 
stepping-stone to something higher ; and for this 

iii 



IV PREFACE. 

reason I have also tried to present the results in 
such a light as will make them effective tools for the 
student in his future work. 

During the preparation and printing of the book, 
Prof. J. M. Peirce has kindly given me the benefit 
of numerous suggestions and criticisms, which have 
added greatly to its value. Appendix I. is entirely 
due to him. 

Most of the examples contained in the book have 
been selected froin other trigonometries, especially 
those of Todhunter, Snowball, and Hamblin Smith. 

H. N. W. 

GAifBKiDGB, Mass., Deo. 3, 187& 



PREFACE TO THE REVISED EDITION. 



In this edition all the typographical errors thus 
far detected have been corrected ; a few changes and 
additions have been made in the examples of right 
triangles ; and answers to most of the examples have 
been inserted at the end of Appendix II. 

A treatise on Spherical Trigonometry has been 

prepared by the same author, and now constitutes 

the second part of this volmne. 

H. N. W. 

Gambbidqe, MaSs., Sept. 16, 1879. 
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CHAPTER I. 

DEFINITIONS AND TIRST PRINCIPLES. 

§ \. Trigonometry, as the name itself indicates, was 
originally simply a method of measuring triangles by 
numerical computation from any sufficient data. This 
method involves the use of certain functions of the angles, 
which we call the trigonometric functions. Modern trigo- 
nometry embraces primarily the complete theory of these 
functions in their most general relations ; while the meas-* 
urement of triangles, or trigonometry proper, is reduced 
to a mere branch, or application, of the theory. 

That part of trigonometry which is occupied with tiie 
investigation of the general properties of the trigonomet- 
ric functions is called by some writers Angular Analysis^ 
or Ooniometry; but it is to be observed that these proper- 
ties, as well as the very conception of the trigonometric 
functions themselves, are derived from the doctrine of 
similar triangles, and the whole subject (at least in its 
elements) may be regarded as a development of that 
doctrine. 

We must begin our exposition of trigonometiy by 
treating of certain principles adopted in the measurement 
of lines and angles, the two kinds of geometric quantity 
which will enter into our formulas. 



2 PLANE TRIGONOMETRY. 

§ 2. Measurement of lines. — A line may be regarded 

as traced by the movement of a point. Thus we may 

PiQ ^ regard the straight line ad 

A B C D (^ig- 1) as having been 

traced by the movement of 
a point from a, the beginning of the line, to d, the end 
of the line. 

Straight lines may be added by placing the beginning 
of the second upon the end of the first (so as to form a 
continuous straight line) , the beginning of the third upon 
the end of the second, and so on. The straight line con- 
tained between the beginning of the first and the end of 
the last is a line equal to the sum of the lines to be 
added. Thus (Fig. 1) ad = ab -|- bc -|- cd. 

§ 3. a. There are many problems involving straight 
lines, in which it is neither necessary nor profitable to 
take into consideration any thing except the lengths of 
.these lines. There are, on the other hand, many cases 
where it will be useful to take into account direction as 
well as length. 

h. If we define any arbitrary direction to be positive, 
then the opposite direction will be negative. For, if ab is 
any line, — ^ab can only be that line which added to ab, 
by the method of § 2, produces ; and that is the same 
line as ab taken in the opposite direction. 

The length of a straight line has no algebraic sign : it 
is alwa3's the same, whatever be the position or direction 
of the line. 

c. The sign -[- or — prefixed to a number or letter 
denoting a line has reference merely to direction. Thus, 
if a is positive, the line -|- a is a line whose direction is 
positive, and whose length is a units ; and the line — a 
is a line whose direction is negative, and whose length is, 
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as before, a units. But, if a is negative, -{- a is a, line 
whose direction is negative, and — a is a line of the 
same length, whose direction is positive. The terms 
"positive" and "negative" are used merely to enable 
us to distinguish between two opposite directions; and 
we can in any figure assume any directions (not opposite) 
to be positive, but, having once assumed certain direc- 
tions to be positive, the opposite duections must be nega- 
tive, (v., however, § 20, d.) 

d. It is possible to represent a straight line completely 
by an expression involving the points at its extremities. 
Thus AC (Fig. 2) is an 

FIG. 2, 

expression for the straight f^ — q 

line which joins the points 

A and c, whose length is the distance between the points, 
and whose direction is the direction from a, the point 
indicated b}^ the first letter, to c, the ^loint indicated b3' 
the second letter. — ao denotes a line having the same 
length as the above, but an opposite direction, but this lat- 
ter line is the line ca. .*. ca = — ac, or ac + ca = 0. 
The truth of this equation is evident if, as in § 2, we 
regard a line as traced by the movement of a point. 
For if a point moves from a to c, and then from c back 
to a, it is evident that its final distance from the starting- 
point will be nothing. 

Similarly in each of the figures 3, 4, and 5, we have, — 

FIQ. 3. 
B 



AB -|- BC + CA = A 

FIQ.' 4. 
BC + CA -f- AB = A 

CB -j- BA + AC = 



FIQ. 5. 
A 



This principle maj- be extended to any number of points 
in the same straight line. 
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§ 4. Measurement of angles. — A right angle is divided 
into 90 equal parts called degrees ; a degree is subdivided 
into 60 minutes; and a minute, into 60 seconds. The 
degree, minute, and second are distinguished by the 
characters ° ' " respectively. A degree of arc is ^ij^ of 
the circumference of the circle to which the arc belongs. 
It evidently has different lengths for different cii'cles. 
The degree of arc is subdivided in the same manner as 
the degree of angle. J the circumference, or the arc 
intercepted by the sides of a right angle whose vertex 
is at the centre, is an arc of 90°, and is called a quad- 
rant. The same term is applied to the sector bounded 
by two radii at right angles to each other. The four 
divisions of a plane separated by two lines perpendicular 
to each other are also occasionally called quadrants. 

Central angles contain the same number of degrees as 
their intercepted arcs. 

§ 5. The complement of an angle or arc is the re- 
mainder obtained by subtracting the angle or arc from 
90°. 

The supplement of an angle or arc is the remainder 
obtained by subtracting the angle or arc from 180°. 

Thus the complement of 25° is 65° ; the supplement of 
25° is 155°. 

Two angles or arcs are therefore complements of each 
other when their sum is 90° ; and they are supplements 
of each other when their sum is 180°. 

According to these definitions, the complement of an 
angle or arc that exceeds 90° is negative. Thus the 
complement of 100° is 90° — 100° = — 10°. In like 
manner the supplement of 200° is 180° — 200° = — 20°. 
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§ 6. Circular measure of an angle. 

As has been indicated above, an angle may be measured 
in degrees and subdivisions of a degree. Tliere is, how- 
ever, another method of measurement in use, called the 
Circular Method^ by which an angle is measured by the 
ratio of its arc in the circle described from its vertex as 
a centre to the radius of that circle. To show that this 
method is legitimate, it must be proved that any two 
angles are proportional, to the ratios by which we propose 
to measure them. 

Now, in the same circle, or equal circles, angles at 
the centre are proportional to their intercepted arcs. 
Therefore (Fig. 6),— 



d:d'=s :s' 



(I.) 

T" • r \}^') 
But, since similar arcs are pro- 
portional to their radii, we have 

- = -1 ; that is, the ratio of inter- 

cepted arc to radius is the same 
for the same angle, whatever the 
value of the radius. Substitut- 
ing this value of | in equation 

II. above, we get (9 : ^' = -^ : 



FIG 6. 




Q.E.D. 



§ 7. Corollary. 
its measure. 



An}' quantity can be put equal to 
* Now when 



We can therefore put d=^. 
the radius (r) is unity, we have 6 = -^ = s; therefore the 
circular measure of an angle is equal to the length of the 
intercepted arc in a circle whose radius is unity. 



6 PLANE TRIGONOMETRY. 

§ 8. Angtdar unit of circular measure. 

As in § 7 we can put = -jr. Making s = r we shall 
have 6 = ~ = 1. Therefore the angular unit of circular 
measure is that angle whose intercepted arc is equal to the 
radius. 

§ 9. To change from circular measure to degree meas- 
ure^ and the converse. ' 

We will first find how man}^ degrees there are in the 
angular unit of circular measure ; i.e., we will reduce to 
degrees when s = r. The ratio of circumference to diam- 
eter is constant for all circles, and is approximately equal 
to 3.1415927, which is represented by the Greek letter ;r 
(v. Plane Geometry) . Therefore letting C, D, and R, rep- 
resent circumference, diameter, and radius respectively, we 

Q 

have -^ = 7t; .•. C = ;r D ; but D = 2 R ; .•. C = arc 

360° = 2 ;r R. In the same circle, or equal circles, 

central angles are proportional to their intercepted arcs : — 

angled arc S S R 1 

''*^l7360°""ai^~2^—^^ ®"'~ ^2^R""2^ 

360° 180° 180° 

. • . angular unit = — — = = • — — : j:zzz 

^ 2n n 3.1415927 

= 57°.2957795. 
Conversely, the units of degree-measure have the follow- 
ing values in circular measure ; and these values are also A, 
the lengths of the corresponding arcs of the unit cir- " 
cle: — 

circ. meas. 1° = — = 0.01745329, 
180 

1° 
circ. meas. 1' = — = 0.00029089, 

60 

y 
circ. meas. 1"== — =0.00000485. 

60 
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To convert an angle from one S3'stem to the other, we 
have only to multiply the given measure of the angle by 
the value of its unit in the new system. For example, 
if X is the circular measure of an angle, its value in de- 
grees is 

XX 57.296.... ; 

and the circular measure of x° is 

XX 0.01745... ; 

.. ,^ A , n.^o arc 360° 2 ;r R 

§ 10. Angle 360° = = — — = 2 ;r, 

R R 

Angle 180° = n. 

Angle 90°= ^Tt, 

Angle 45° = ^7t. 

The expressions 2 ;r, ;r, ^tz^ and ^n are often used to 
denote the angles which thej- measure. 

§ 11. General Angular Magnitude. *' A clear notion 
of the magnitude of an angle will be obtained by sup- 
posing that one of its sides as ob 
(Fig. 7) was at first coincident ^'®- ^• 

with the other side oa, and that it 
has revolved about the point o 
(turning upon o as the leg of a 
pair of dividers turns upon its 
hinge) until it has arrived at the 
position OB." — Chauvenet's Ge- 
ometry. 

We can, then, regard an angle as the measure of the 
amount of the rotation of a line which turns in a plane 
about one of its own points. The angle aob (Fig. 7), 
for example, shows how much the line ob has rotated 
^m its original direction oa about o as a centre. 
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§ 12. Since there is no limit to the rotation of a line 
about one of its points, there is no limit to angular mag- 
nitude. 

Let xx' and yt' (Fig. 8) be 
perpendicular to each other at 
the point o. Let ox be the 
original position of ob. When 
OB has moved to the position 
OY, it makes with ox an angle 
of 90° ; when to the position 
ox', an angle of 180° ; when to 
the position oy', an angle of 
270° ; when to ox again, an an- 
gle of 360° ; if it continues to move to oy, an angle 
of 360° + 90°, or 450° ; and, as long as ob continues 
to move, the angle xob continues to increase, ox, the 
original position of the line ob, is called the initial line 
with respect to the angle xob, while ob is called the ter- 
minal line with respect to this angle. 




§ 13. When we represent an angle by three letters, we 
shall always denote the vertex by the middle letter, a 
point through which the initial line passes by the first 
letter, and a point through which the terminal line passes 
by the third letter. 
Prof. Peirce has made use of the following angular 
notation : Let a and (3 (Fig. 9) de- 
note two lines. The angle which 
(i makes with a, or the angle 
p y/^ alpha-beta^ as it is called, is de- 

noted by the expression P, the 

lower letter denoting the initial 
line, and the upper letter the ter- 



FIG. 9. 
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mlnal line. Such symbols must be carefully distinguished 
from fractions. This notation may be used even in the 
case of lines which do not intersect. 



§ 14. Rotation as considered in § 12 (i.e., opposite 
that of the hands of a clock) is called positive rotation. 
Rotation in the contrary direction is therefore negative 
rotation. An angle is positive or negative according as 
it is conceived to be generated by positive or negative 
rotation. Thus, we may take box = — xob, ? = — ^. 

§ 1& Let aa' and bV (Figs. 10-13) be two straight 

FIG. 10. FIG. II. 




FIG. 12. 





lines perpendicular to each other at o, the centre of the 
circle of which oa is the radius. The arcs ab', bV, a'b", 
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and b"a, or the sectors aob', b'oa', a'ob", and b"oa, are 
quadrants (v. § 4). In accordance with what has been 
said about positive rotation {v. § 14) , we will call the 
sector aob' (or the ai*c ab') the first quadrant, b'oa' 
the second quadrant, a'ob'' the third quadrant, and b'^oa 
the fourth quadrant. Therefore the angle marked 9 in the 
figures 10, 11, 12, and 13, is an angle of (i.e. terminat- 
ing in) the Ist, 2d, 3d, and 4th quadrants, respectively. 

§ 16. Angles in the same plane may be added by first 
placing their vertices at the same point, and then placing 
the initial line of the second upon the terminal line of the 
first, the initial line of the third upon the terminal line of 
the second, and so on. The angle made by the terminal 
line of the last with the initial line of the first is an angle 
equal to the sum of the angles to be added. Thus (Fig. 
8) xop = xob -\- BOY -\- TOP. On the same principle, if 
«, j9, 7, d, &c., are any lines in one plane, whether inter- 
secting at one point or not, we have : — 

§ 17. The angle aob (Figs. 12, 13) may have been 
formed either by the positive or negative rotation of ob ; 
we can therefore either consider it to be a positive angle 
having a number of degrees equal to 180° + a'ob, or a 
negative angle having a number of degrees equal to 
180° — a'ob. These are, in fact, only two values, which 
differ by 360° (v. § 18). The angle aob" also (Figs. 
10-13) can be considered equal to + 270° (180° -f a'ob"), 
or equal to — 90° [—(180°— a'ob")]. 

In Fig. 10, where oc is supposed to be perpendicular 
to OB, we have the angle aoc =z cp — 90°. This equa- 
tion indicates that if the rotating line rotates in the 
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positive direction b}^ an amount equal to cp (i.e., to ob), 
and then in the negative direction by an amount equal to 
90°, it will finally take the position oc, and will make 
with the initial line (oa) the angle aoo, which will be 
positive or negative, according as 9 is greater or less 
than 90°. 

§ la If to the angle 9 (Figs. 10-13), we add SeO^* 
once, twice, or any integral number of times, the resulting 
angle will still be bounded by the lines oa and ob. If 
from the angle qp we subtract 360° once, twice, or any 
integral number of times, the resulting angle will still be 
bounded bj^ the lines oa and ob. 

The expression aob, then, may represent any one of a 
series of angles ; one angle of this series is the angle qp, 
and all the other angles of the series differ from it by 
some multiple of 360°. Thus aob = qp-j- A; 360°, where 
k stands for 0, or an}- integer positive or negative. This 
principle is often important in the addition of angles. 

§ 19. Bearing in mind what has been said about the 
addition of angles (§ 16), and also the contents of the 
preceding section, we see at once the truth and signifi- 

FIG. 14. FIG. 15 





cance of the following equations obtained fix)m figures 14 
and 15. 
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AOD + DOA = k 3G0°, 
AOD -j- DOC -j- COB -|- BO-A^ = ^ 360°, 
AOB -j- BOD + DOC -j- CO-^ = ^ 360°, 
AOC + COB + BOD + DOA = k 360°. 

where A;, as in § 18, denotes any integer, positive, nega- 
tive, or null. 
In like manner, if a, /3, 7, ^, are anj- lines in one plane, — 

a ^ ^ ^ y ^ 

§ 20. Before proceeding further we must lay down rules 
concerning the directions of certain lines which we shall 
have to treat of in their relations to angles. 

a. When speaking of an angle, we shall always regard 
the vertex as a point of reference or origin with respect 
to this angle ; and we will define the directions of the 
initial and terminal lines (§12) to be always positive, 
when considered relatively to the angle. Thus, when we 
speak of the angle between two lines, we always mean 
the angle between their positive directions. 
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In each of the figures 16, 17, 18, and 19, for example, 
o, the vertex of the angle qp, will be an origin, and the 
directions of the initial and terminal lines ox and ob will 
be positive. 





FIG. 18. 
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FIG. 19. 
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6. Through o, making with the initial line ox an 
angle of -|- 90°, draw oy. The lines xx' and ty' are 
called axes. We define ox and oy as the positive direc- 
tions of the axes ; ox' and oy' are therefore their negative 
directions. These are also the positive and negative direc- 
tions of all lines parallel to the axes, when considered rel- 
atively to them. Thus pm and p'n are positive, while pm' 
and pV are negative ; and lm and l'm' are positive, while 
LN and l'i/ are negative. Relatively to the angle xob, 
OB is positive, and ob' negative ; but relatively to the 
angle xob', ob is negative, and ob' positive. 

c. Whenever in the same problem we have to treat of 
two or more angles whose vertices and initial lines do not 
coincide, we can either refer all the angles to the same 
origin and to the same initial line, or we can regard each 
vertex as an origin, and each initial and terminal line 
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as positive, with respect to the angle to which it belongs. 
If the latter method is adopted, care must be taken not 
•to confound a direction which is positive with respect to 
one angle with a direction which is positive with respect 
to a different angle ; for these directions may be, when 
compared with one another, directly opposite. 

d. When we have qp = 180°, or qp =: 270°, the terminal 
line (ob) will have the negative direction of the axis: 
we shall, however, still consider ob to be positive, when 
regarded as the terminal line of qp. Suppose, for example, 
FIG. 20. we have the right triangle 

BOO (Fig. 20). The base 
oc is negative ; and the 
hypothenuse ob and per- 
pendicular CB are posi- 
p""^"-.,.^^- ^.^ live. Now, suppose qp to 

' — * increase until ob coincides 

with 00. We shall now 
regard our right triangle 
to be one whose perpen- 
dicular is zero, whose base 
^ oo is negative, and whose 

hjT^othenuse ob is, as before, positive. 

§ 21. The following principles of Plane Geometry must 
be borne in mind : — 

a. The sum of the angles of a plane triangle is equal 
to 180°. 

b. The sum of the two acute angles of a plane right 
triangle is equal to 90°. Either of these angles is then 
the complement (§ 5) of the other. 

c. When two plane right triangles have an acute angle 
and a side of the one equal to an acute angle and the 
homologous side of the other, the triangles are equal, and 
all of their homologous parts are equal. 
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d. When two plane right triangles have an acute angle 
of the one equal to an acute angle of the other, the tri- 
angles are similar, and their homologous sides are there- 
fore propprtional. 

6. The square on the hypothenuse of a right triangle 
is equal to the sum of the squares on the other two sides. 

/. In any triangle the greater side is opposite the 
greater angle, and the converse. 

g. The sum of two sides of a triangle is greater than 
the third side. 

h. Two angles are equal when their sides are re- 
spectively perpendicular ; but we must be careful to take 
the sides of the respective angles in the same order, and 
to measure the angles in the same direction, (v. § 14.) 
In Fig. 21, for example, riG. 21. 

the angle B'AC=angle xoa, 
for both angles are meas- 
ured in the positive (§14) 
direction, and b'ac is 
formed by ab', which is 
perpendicular to ox, and 
AC, which is perpendicular 
to OA. Similarly, angle 
bag' = XOA, and angle x'ab' = abo. 

i. The chord of an arc of 60"^ is equal to the radius. 




examples. 

1 . To what quadrant does each of the following angles 
belong? 289°, 368°, 610°, 640°, 1178°, — 80°, — 188°, 

— 1722°. 

2. Represent by figures the following angles, where in 
each case qp = 60°, and ^ = 30° ; (p — 360°, g? — 90°, (p 

— 0+ 180°, gj — 270°, cp + d -{- 60°. 
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3. Change to circular measure each of the following 
angles: 88° 2', 271° 53', — 18° 7', 60°, 390°. 

4. The circular measures of certain angles are as fol- 

n 

lows: 2., 16.2, 6., ; find in each case the corre- 

o 

eponding number of degrees. 

5. Find the lengths of the following arcs in a circle 
whose radius is unity : 60°, 30°, 150°, 330°, 18°, 268°, 135°. 

6. Find the lengths of the above arcs in a circle whose 
radius is 6. 

7. Taking the earth's equatorial radius to be 3963 
miles, find the length of an arc of 1° on the equator. 



CHAPTER II. 

THE TRIGONOMETRIC FUNCTIONS. 

§ 22. A right triangle can alwajs be formed by letting 
fall a perpendicular from any point in the terminal line of 
a given angle upon the initial line, produced if necessar}-. 
This triangle we will call a triangle of reference for the 
angle ; and, in appl} ing the rules of § 20 to determine 
the signs of its sides, we shall always regard the hypoth- 
enuse and base as measured from the vertex of the given 
angle, and the perpendicular as measured from the initial 
line. 

In each of the figures 22, 23, 24, and 25, for example, 



FIG. 23. 
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FIG 24. 
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where <p (xop) is, in each case, the given angle, we can 
form the right triangle ocb, as stated above. In order 
to form this triangle in figures 23 And 24, we must pro- 
duce the line ox in the direction ox'. 

In the above figures, the letters a, y, and r represent 
the base (oc), the perpendicular (cb), and the hj-pothe- 
nuse (ob) respectively, both in direction and length. 
Therefore x is positive in figures 22 and 25, and negative 
in figures 23 and 24 ; y is positive in figures 22 and 23, 
and negative in figures 24 and 25 ; r is positive in each 
figure. But r might be made negative in each figure. 
Thus, in Fig. 22, we may take aj = oc", 2^=cV, r= 
ob", making a?, y^ and r all negative. 

§ 23. The Trigonometric Functions of an angle are 
the six ratios between the three sides of a triangle formed 
as above, taking into account the signs as well as the 
lengths of these sides. 

These ratios are always the same for the same angle, 
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both in numeiical value and in sign ; for if, as in figure 
22, we let fall perpendiculars from different points of 
the terminal line, as b, b', and b", we have the right 
triangles ocb, oc'b', and oo"b", which evidentlj' have 
their acute angles at o equal. These triangles are there- 
fore {v. § 21, d) similar, and their homologous sides are 
proportional ; i.e., the six ratios of the sides of ocb are, 
in numerical value, respective!}' equal to the six ratios of 
the sides of oc'b', or oc"b''. They are equal in sign as 
well ; for, in comparing an}' two of me triangles, the sides 
of the first either have the same directions, and therefore 
the same signs, as the corresponding sides of the second, 
as in OCB and oc'b' ; or, as in ocb and oc"b", each side 
of the second has a direction, and therefore a sign, op- 
posite to that of the corresponding side of the first ; and 
in each case the signs of the ratios are obviously the 
same. 

These ratios are, in general, different for different 
angles ; for two right triangles, 7iot having an acute angle 
of the one equal to an acute angle of tlie other, are not 
similar^ and tlieir homologous sides are not proportional. 

Thus we see that the values of the trigonometric ratios 
of an angle depend^ and depend only^ upon the value of 
the angle ; for this reason thej' are called the trigonometric 
functions* of the angle. 

As soon as we have given names to these ratios, we 
shall be able to introduce into the same formula two 
entirely different kinds of quantities, — angles and straight 
lines. We shall then have made a very important step 
in the treatment of our subject. 

* When one quantity depends upon another for its value, ao that 
a change in the second necessitates a change in the first, the first is 
called 2i. function of the second. 
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§ 24. To each of the six ratios mentioned above, a 
name has been given as follows : In each of the figures 
22, 23, 24, and 25, — 



CB y perpendicular 

OB r hypotheuuse 

oo X base 

OB r hypotiienuse 

CB y perpendicular 

oc X base 

oc X base 

CB y perpendicular 

OB r hypothenuse 

oc X base 

OB r h}^othenuse 

CB y perpendicular 

In addition to the above 
1 — cos qp 



is called the 

sine of gp 
cosine of gp 
tangent of qp 
cotangent of gp 
secant of gp 
cosecant of gp 



abbreviated into 
sin gp 

cos gp 

tan gp 

ctn gp 



sec gp 
CSC gp 



versed sine of gp vers gp 



§ 25. Bearing in mind what has been said about the 
signs of 05, y, and r, in § 22, we easily deduce the follow- 
ing table for the signs of the functions of angles in each 
quadrant : — 



9 


sin 


cos 


tan 


ctn 


sec 


CSC 


1st quad 


+ 


+ 


+ 


+ 


+ 


+ 


2d quad 


+ 


— 


— 


— 


— 


+ 


Sd quad 


— 


— 


+ 


+ 


— 


— 


4th quad 


— 


+ 


— 


— 


+ 


— 
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Since the hypothenuse of a right triangle is the great- 
est of the three sides, the first two of our six ratios 
never exceed 1 in numerical value, and the last two never 
fall below 1 in numerical value. Hence tlie sine and 
cosine vary only from — 1 to -\-l ; the secant and cosecant 
vary only from -f- 1 ^o -|- oo and from — I to — oo ; while 
the tangent and cotangent may have any value from — oo 



§ 26. By § 24 we have, — 



y 
sin g;= - , 

r 

CSC or = - 


sin g) X CSC qp = 1 




X 

cosg) = -, 

. 
r 
sec gj = - , 


cos g) X sec gi = 1 





1 

8ing= 

^ CSC g) 

1 

CSCff = -; 

^ sm g> 

1 

cosg= 

^ secg) 

1 
secg^^== 



[1] 



cosg/ 

y 1 

tan g; = -, tan g = - — 

^ X ^ ^ ctng; 
.*. tang) X ctng; = 1 .•. 

X 1 

ctng:=-i ctng)=, 

y ^ tang) 

Therefore the sine^ cosine^ and tangent are reciprocals 
of the cosecant^ secant^ and cotangent respective I3'. 



. ,^ sing) y a; V . sing) , ^^^ 

§ 27. — ^=--^-=^=tang), .-. — ^=tang). [2] 

cosg) r r X ^' cosg? *■ -^ 

cosg; X ^ y X ^ cosg? ^ j.^^ 

-r— ^=--f-^=-==ctng), .-. . — =ctng). [3] 
sing) r r y ^ sing) ■* 

Any two of the quantities appearing in either [2] or 
[3] being given, it is evident that the third can be found. 
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§ 28. BekUiona betioeen sine and cosifiCj tangent and 
secant, cotangeiU and cosecant. 

By § 21 c, we have (Figs. 22-25) a;» + y» = r», a 
formula which holds for all the figures since the squares 
of Xj y, and r are positive in all cases ; and from this 
we get : — 



t/' x^ 

p+-a = l» .-. 8in«g) + cos*g) = l, 



[4] 



-s=l + -a^ .-. sec« (]P = 1 + tan« g), [5] 

r' x^ 

-a=l +y a» ••• csc« qp = 1 + ctn>, [6] 

The above formulas enable us to solve the following 
problems : — 

To find cos 9 when sin qp is given, and the converse. 

sec (p " tan go " ^' " 

CSC (p " ctn qp " " . " 

In order, however, to solve these problems completely, 
it is also necessary to know to what quadrant g; belongs. 
When, for example, cos qp is given, we have from [4] sin g;= 
± Vl — cos ^ qp, which does not, on account of the double 
sign of the radical, corapletel}' determine sin qp ; but, when 
we also know to what quadrant qp belongs, we know b}' § 25 
the sign of its sine, and can therefore completely deter- 
mine sin qp. It should be noted that formulas [l]-[6] 
enable us, when an}' one function is given, to find all the 
others. The student is advised, before reading farther, to 
do examples 1-9 at the end of this chapter. 
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§ 29. To represent the trigonometric functions by 
straigJd lines. 

In order that the trigonometric functions, or ratios, may 
be represented by straight lines, the triangle of reference 
must be so taken for each ratio that the denominator of 
the ratio shall be unity. 

In Figs. 26-29, let g), or the angle xop, be an angle of 




FIG. 27. 
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FIG. 29. 




the 1st, 2d, 3d, and 4th quadrants respectively. From o 
as a centre, with a radius unity, describe a circle. 

sin op = T— ^9 cos 0) = . Since the hypothenuse must 

hyp' ^ hyp ^^ 

be unity, we will, in each figure, construct the triangle of 
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reference ocb, in which the hjpothenuse ob is equal to 
the radius, or unity. 

CB oc 

.*. sing) =— =CB, cosg)=— =oc. 

tan qp =2—?^ sec <)p = i~^' By drawing a geometric tan- 
gent at A, we have the triangle of reference oat, in which 
the base oa is unity. 

AT OT 

.*. tang)= — = AT, secg)=-T-=OT. 

hase hvo 

ctn op = , CSC op = — :^. Through a point + 90 ° from 

perp' ^ perp ° * ' 

A, draw a geometric tangent M'hich will cut ob produced 

in some point as if ; from t' let fall a perpendicular upon 

x'x. The triangle of reference olt' thus formed will be a 

triangle in which the perpendicular lt'=oa'=1, and 

the base ol = aV. 

. • . ctn qp = — = OL = aV, csc g) = — = ot'. 
Tersed sin qp = 1 — cos (jp = oa — oc = ca 

From § 20 and § 22 we know that : — 
In Fig. 26, — 

oc, OB, AT, OT, aV, or', and ca are positive. 
In Fig. 27,— 

CB, ot', and oa are positive, 
and 00, at, ot, and aV are negative. 
In Fig. 28, — 

AT, aV, and ca are positive, 
and CB, oc, ot, and ot' are negative. 
In Fig. 29,— 

oc, ot, and ca are positive, 
and CB, AT, a't', and or' are negative. 
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Putting the above results in words, we have the follow- 
ing corollaries to our original definitions {v. § 24) : — 

In a circle whose radius is unity, the trigonometric 
functions of an angle or arc maj' be represented by the 
following lines : — 

The sine, by the line which measures the perpendicular 
distance pf the end of the arc from* the initial line. 

The cosine^ by the line drawn from the centre of the 
circle to the foot of the sine. 

The tangent, by that part of the geometric tangent at 
the beginning of the arc which is drawn from the point 
of tangency to the terminal line. 

The cotangent, by that part of the geometric tangent 
at a point + 90° from the beginning of the arc which is 
drawn from the point of tangency to the terminal line. 

The secant, by the line drawn from the centre of the 
circle to the end of the tangent. 

The cosecant, by the line drawn from the centre of the 
circle to the end of the cotangent. 

The versed sine, by the line drawn from the foot of the 
sine to the beginning of the arc. 

What has been said in this section should not lead the 
student to regard the trigonometric functions as absolute 
lines. The trigonometric functions are not the lines 
themselves, but are merelj^ the numbers which denote the 
ratios of the lines to the arbitrary unit which we choose as 
a radius. ^ 

•The word "from'* indicates the direction, and therefore the 
sign of the line. 



26 



PLANE TKIGONOMETRY. 



FIG. 30. 




§ 30. In any circle the radius ofwimh is unity, the sine 
of any arc is one-liolf the chord of twice tlie arc. 

In Fig. 30 let the angle b'ob or the arc b'b = 2(p. 
Draw OA so as to bisect the angle or 
2 (f ; draw the chord b'b. Since oa 
bisects the angle b'ob, we know from 
geometry that it is perpendicular to 
and bisects the chord b'b. .-. cb = 
i B'B = I chord 2 cf. 

But by § 29, — 

CB = sin qp .-. sin g) = ^ chord 2 cp [7] 

§ 31* Relations between the fuiictions of (p ±k 360°, 

180°— gp, 180°+^' 
360° — qp, — gp, and 
the functions of 9. 
p Let us take any 
angle of the 1st quad- 
rant, as xop (Fig. 
31) ; let the acute 
value of this angle be 
denoted by <p. xop 
then denotes either 
the angle qp or the 
angle (p ± k 360° {v. 
§18). 




•A treatment of the subject of §§ 31, 32, and a3, covering explicitly 
al] possible values of (T, is given in appendix I., which the teacher 
may at his discretion substitute for these sections. 
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Construct the angles : — 
xop' = 180° — g), xop" = 180° + <f, 

xop'"= 860° — 9 or == — qp. 

In accordance with this construction, the acute angles 
XOP or gp, p'ox', x'op", and p"'ox are all equal to one 
another. 

Construct the triangles of reference ocb, oo'b', oo"b", 
and oc"V"; each of these triangles having an acute 
angle equal to qp, they are similar {v, § 21, d), and their 
homologous sides are proportional ; moreover, the perpen- 
diculars OB, cV, c'V, and c'"b'", being opposite the equal 
angles, are homologous. Therefore the coiresponding 
trigonometric functions of the angles g), qp± A; 360°, 180° 
— qp, 180°+ qp, 360° — qp, and — qp, are numericall}* equal ; 
but, paying proper attention to the algebraic signs of 
these functions (v. § 25), we an'ive at the following re- 
sults : — 

sin (qp ± A: 360°) = sin qp 

cos Iq) ± k 360° 



°) = sin qp > 
°) = cos qp i 



[8] 



ob' 
ob' 



OB" 

oc* 
ob" 
&"b"' 
ob'" 

ob'" 



CB 

ob" 



sin (180" — qp)=:sin f 



OG 

= .*. COS (180° — qp)= — cosqp 

CB 

= .-.sin (180*+g))= — sing) 

00 

= .-. COS (180°+qp)= — cosqp 

CB 

= .'.sin (360° — qp) = — sin qp 

^^ =sin(— qp) 

oc 
= — .•.cos (360° — qp)= cosqp 

^^ =cos(— <jp) 



[9] 



[10] 



[11] 



28 



PLANE TRIGONOMETRY, 



FIG. 32. 



In like manner the other functions of these angles may 
be found ; the}' ma}* also be found from the above b}' [1], 
[2], and [3]. 

§ 32. Eelations between the functions of 90® + y, 
90°— V, 270° 4-q), 270°— q), and the functions of <p. 

Let us take any angle of the 1st quadrant, as xop 
(Fig. 32), which we will call qp. Construct the angles, — 

xop' = 90^ — g), xop" = 90° + f , 

xop'"= 270°— cp, xop*'= 270° + (p. 

Construct, with re- 
spect to these angles, 
the tiiangles of refer- 
ence OCB, oc'b', oc"b", 
^ oc'"b'", and oc^V\ In 
accordance with this 
construction, the an- 
gles marked (p in the 
figure are all equal. 

The triangles ocb, 
ocV, oc'V, oc'V", 
and oc^'b^^, having 
each an acute angle 
equal to qp, are- all 
similar (v. § 21, d), 
and their homologous 
**ides are proportional. But in this case the lines oc', 
oc", oc'", and oc^^ of the triangles oc'b', oo"b", oc'"b'", 
and oc^^'b*'', being opposite the angle qp, are homologous 
with cb of the triangle ocb ; and cV, c"b", c'"b'", and 
c'^'b'"', are homologous with oc. Therefore, paying proper 
attention to the algebraic signs, we get the following 
results : — 
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ob' 


= 


DC 
OB 


oc' 
5? 


= 


CB 
OB 


OB" 


= 


OC 
OB 


oc" 
ob" 


=_ 


CB 
"OB 


OB"' 


=— 


OC 
'oB 


oc"' 
ob'" 


=— 


CB 
'oB 


OB*' 


= 


■OC 
OB 


oc*' 
ob'^ 


= 


CB 
OB 



.'. sin ( 90° — q?) = cosqp 
.•. COS ( 90° — g?) = sin qp 
.•• sin ( 90°+ cp) =. cosg? 
.*. COS ( 90° -|- g?) = — sin g) 
.'. sin (270° — g>) = — COS g) 
.*. cos (270° — gj) = — sin g; 
•. sin (270° + g?) = — cos g? 
.-. cos (270° -}- g)) = sin g? 



[12] 



[13] 



[14] 



[15] 



§ 33. From [12], by [1], [2], and [3], we readily 
obtain the following : — 



CSC (90° — cp) = secg) 
sec (90° — (p) = CSC (f 
tan (90°— g/) =ctng) 
ctn (90°— g)) =tang) 



[12J 



Now, gj and 90° — cp are complements of each other : 
therefore from [12] and [12i] we see that the sine, tan- 
gent^ and secant of any angle are respectively the cosine^ 
cotangent, and cosecant of its complement. 

"Co", then, is merely an abbreviation for the word 
" complement's ; '* [12] and [12i] may therefore be 
expressed in words as follows : — 

The cosine of an}' angle is its complements sine. 
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The cosecant of any angle is its complement's secant. 

The cotangent of any angle is its complement's tangent. 

Formulas 8-15 are easily remembered if we note that 
when <f is coupled with 0°, 180°, or k 360°, the functions 
of the angles thus formed, and those of g), are numerically 
the same; while, when 9 is coupled with 90° or 270°, 
the functions of the angles thus formed, and those of 9;, 
are numerically complementary. 

The algebraic sign is determined in each case by sup- 
posing g) to be acute, and then noticing to what quadrant 
the resulting angle belongs. 

It will be readily seen, b}'^ constructing proper figures, 
that formulas 8-15 hold for all values of q). 



§3*. To find the functions of 0° and 360''. 

FIG. 33. 

Suppose qp (Fig. 33) to 
decrease until it becomes 
0; then y will become 0, 
y and r will coincide with x. 




tanO°=2^=- = 0, 



Sin 



r r 



cosO° = -=l, 
r 



secO°=- = l, 



ctnO°=- = ^=Qo, 
y 



no ' ' 

CSC 0° = - = -=QO 

y 



When 9 is equal to 360° we shall also have y = 0, and 
r-=zx\ therefore the functions of 360° are the same as 
those of 0°. 



THE TRIGONOMETEIC FUNCTIONS. 31 

§35. To find the functions of 90'' . 
Suppose (Fif . 33) qp to increase until it becomes equal 
to 90° ; then x will become 0, and y will coincide with r. 



.-. sin 90° =^=1, csc90°=- = l, 

»• y 

cos90°=-=- = 0, 8ec90° = - = ^=z=Qo, 

r T . X \j 

tan90°=^ = ?(=.Qo ctn 90^=^=- = 0. 

a? y y 

These results can also be found by putting qp = iq 
[12] and [12,]. 

§ 36. To find the functions of ISff". 

Suppose qp (Fig. 33) to increase until it becomes 180° : 
then y will become 0, and r will become numerically equal 
to x^ but opposite in sign. (v. § 20, d.) 



.•.sinl80°=^=-=0, cscl80° = - = ^=QO, 
r r y 

C08l80°=?=— 1, tan 180° = ^ = - = 0, 
r XX 



sec 180° =-=—1, 'ctnl80°=- = ^ = Qo. 
X y 



Sin 180° and cos 180° ma}^ also be found b}'^ putting 
qp = in [9], and from these the other functions bj^ [1], 
[2], and [3]. 
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§ 37. To find the functions of 27(f. 

Suppose 9 (Fig. 33) to increase until it^^ecomes 270° : 
then X will become 0, and r will become numerically equal 
to y, but opposite in sign, {v, § 20, d.) 

.-.sin 270°=^ =-1 CSC 270° = -^= — 1 

r y 

COS 270°=-=?=0 sec 270° =^=oo 
r r 

tan270° = ^=?=Qo ctn 270° = - = - = 

a y y 

§ 3& To find the functions of SO'' and 6(f. 

In formula 7 let q> = 30° ; this formula will then be- 
come sin 30° = i chord 60°. But by § 21, t, chord 60° 
= radius = 1. .'.sin 30° = i- .'. from [4] we have, — 

cos30° = + \/l— sin«30 = + Vr^= + Vj 
= + iV3;* 

and from [2], — 

sin 30 i _ 1 . 



tan30°_-~^_j^^_^3, 



from [3],— 
from [1],— 



ctn30°=— ^ = V3; 
tan 30° 



sec 30° == -i^ = -5-. CSC 30° = -7^ == 2. 
cos 30 V 3 sm 30 

* Wliy 4- ? v. remark at end of § 28. 
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We have then by [12] and [12,] since 
60° = 90° — 30^; 
sin 60 = cos 30° = i Vs, cos 60° = sin 30° = J, 

tan 60° = ctn 30° = V3, ctn 60° = tan 30° = ^, 

2 

sec 60° = CSC 30° = 2, esc 60° = sec 30° = -—. 

§ 39. To find the functions of ^5°. 

45° is the complement of 45°. Therefore by [12] and 
[12,],- 

8in45 = cos45, tan 45° = ctn 45°, sec 45® = esc 45°, 

Whence by [4], — 

sin M5° + cos M5° = 1 = 2 sin U5° = 2 cos M5^ 



•. sin 45° = cos 45' 



=+j^.- 



tan45° = ctn45° = ?^^ = l, 
cos 45 

sec 45° = CSC 45° = -r-^ = ^2. 
sm 46° 



§ 40. jTo find the functions of 12(f. 

120° = 180° — 60°; 
.•.by[9],- 

sin 1 20° = sin 60° = J V3, 

cosl20°=— cos60°=— J, 

* Why + ? («. remark at end of § 28.) 
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ctnl20°= ^ ^ 



tanl20°~ V3' 



CSC 120°= ^ ^ ^ 



8ml20°~iVa""V3' 

§ 4L To find the functions ofl5(f. 

150° =180° — 30° 
•.hy[9],- 

sin 150° = sin 30° = J 

cos 150° = — cos 30°=— ^3, 

tanl50° = ?L°i^° = _i _2. 

cos 150° — ^ V3 ~ V8' 

^^'^^^^-t;in5o^=-^^' 

sec 150°= ^ ^ 



cos 150° ~ V3' 



CSC 150°= . 1,^, = T = 2. 
sin 150° i 



§ 42. To find the functions of ISff". 
135° = 180°— 45°; 
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by[9],- 

sml35°=:sm45°=Vi , 

cos 135° = — cos 45° =— Vi, 

^ ^^^^ sin 135° Vi 

tan 135°= 1-^7^= *. =—!, 

cos ltJ5 — V^ ' 
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ctnl35° = 
sec 135° = 



1 



tan 135' 
1 



1 



V2, 



cos 135° ""—Vi" 

CSC 135°= , Io;.o = Jt=V2, 
sin 135° Vi 

§ 43. Collecting the results of the last nine sections for 
easy reference, we have : — 



Angle 


8ia 


COS 


tan 


ctn 


sec 


CSC 


0° 





1 





00 


1 


00 


30° 


i 


iV3 


V* 


V3 


2Vi 


2 


45° 


Vi 


Vi 


1 


1 


V2 


V2 


60° 


iV3 


i 


V3 


Vi 


2 


2V^ 


90° 


1 





00 





00 


1 


120° 


iV3 


-i 


-V3 


-Vt^ 


— 2 


2Vi 


135° 


Vi 


-Vi 


—1 


— 1 


-V2 


V2 


150° 


i 


-^Vs 


-Vi 


-V3 


-2Vi 


2 


180° 





—1 





00 


— 1 

1 


00 


270° 


— 1 





oo 





00 


— 1 


360° 





1 





00 


1 


00 



[16] 
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§ 44. Increase and decrease of the functions. 
We have shown in § 30 that, in the circle of which the 
radius is unity, — 

sin g> = ^ chord 2 (p. 

Now, we know bj- geometry that the increase of an arc 
less tlian a semi-circumference is accompanied bj' the 
increase of its chord. Hence, if g)<90°, that is, if 
2 qp < 180®, sin g? increases with the increase of qp. Since, 
when (]p < 90°, cos qp = -|-\^ 1 — sin*^ g;, cos qp decreases 
with the increase of sin qp, and therefore decreases with 

the increase of cp. Again, tan qp = , of which the 

^ o ' -f cosqp 

numerator increases and tlie denominator decreases with 
the increase of qp. Either of these changes causes the 
increase of the fraction. Hence, if qp < 90°, tan qp in- 
creases with the increase of qp.^ The reciprocal of a quan- 
tity decreases with the increase of the quantity, and vice 
versa. Hence we see that tJie sine, tangent, and secant of 
an acute angle increase tvith the increase of the angle, while 
the cosinCy cotangent, and cosecant decrease. 

Now, if qp is acute, ISO*"— g, 180° -fg*, and 360°— g), 
are general expressions for angles in the second, third, 
and fourth quadrants respectively ; and 180°+ <? increases 
with the increase of qp, while 180° — g) and 360° — qp de- 
crease with the increase of qp. But the functions of these 
angles are numerically equal to those of qp, by § 31. 
Hence, in the third quadrant, the nile for the increase and 
decrease of the numerical values of the functions is tin 
same as in the first ; but in the second and fourth quad- 
rants the rule is opposite to the first. 

The algebraic value of a negative quantity (that is, the 
complete value, taking account of the sign) increases with 
the decrease of its numerical value, and vice versa. Re- 



THE TEIGONOMETBIC FUNCTIONS. 



87 



garding, then, the table of signs in § 25, we obtain the 
following results : — 





8hl. 


cos. 


tau. 


ctn. 


sec. 


CSC. 


0° 


TO 


+1 


TO 


If 00 


+ 1 


Too 


Ist qu. 


UlC. 


dec. 


inc. 


dec. 


inc. 


dec. 


90° 


+1 


±0 


±00 


±0 


±00 


+ 1 


2dqu. 


dec. 


dec. 


inc. 


dec. 


Inc. 


inc. 


180° 


±0 


— 1 


TO 


IF 00 


— 1 


±00 


3dqu. 


dec. 


inc. 


hic. 


dec. 


dec. 


inc. 


270° 


— 1 


TO 


±00 


±0 


Too 


— 1 


4th qu. 


inc. 


inc. 


inc. 


dec. 


dec. 


dec. 


3G0° 


TO 


+1 


TO 


=Foo 


+ 1 


Tx 



[17] 



In this table, the sign before oo or shows whether 
the function is passing from -f- to — or from — to -|-j 
with tlie increase of the angle. 



§ 45. Inverse or anti functions. 

In a? = sin gi, x is expressed as a function of (]p. In 
order to express g) as a function of a?, the following nota- 
tion has been adopted : — 

gj = sin "^ X. 

This equation denotes that 9 is that angle whose sine 
is X, 

In like manner, if y = co8 g?, 2 = tan g, and w = sec g), 
we can write : — 



gj = cos-'y, 



g) = tan "' 2;, 



g) = sec ~* 10. 



Sin "■' a?, cos ~^ y, tan "^2?, &c., are called the inverse or 
anti trigonometric functions, and are read antisine of a?, 
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anticosine of y, &c. ; the}* are sometimes written arc sin a;, 
arc cos^, arc tanz, &e., since they denote the arc^ or 
angle, whose sine is x, whose cosine is y, &c. 

In like manner we can denote the inverse or anti-loga- 
rithmic functions. Thus, if logw =a?, then u = log "^ x. 

The inverse of ''log sin" may be written, (logsin)"^ 
Thus, if log sin q> = 9.8421, then q, = (log sin)-* 9.8421. 

Examples : — 

8in45°=Vi, tan30° = Vi, esc 270° = — 1; 

therefore, 

45° = sin -1 Vi, 30° = tan "» V^, 270° = esc "U— ^ ) • 

Any relation which can be shown to exist between the 
trigonometric functions can be expressed by means of the 
inverse notation. If, for example, — 

sin <r sin 
tan (D = — - = — - a = oj, 
^ cos 9 cos ^ 

then CD = tan -* a? = ( — ) a?. 
^ \cos / 



EXAMPLES. 

1. What signs belong to the different functions of each 
of the following angles ? 

289°, 368°, 510°, 640°, 1178°, —80°, —188°, —1722°. 

2. In what quadrants must an angle be taken whose 

secant = + - ? 
4 

In what quadrants must an angle be taken whose tan- 
gent =—-? 
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In what quadrants must an angle be taken whose cose- 
cant =—2? 

3. In what quadrants must A, A^, &c., be taken in 
each of the following cases? 

sin A = 4-0.809 cos Ai= — 0.599 

tan Aj = — V^ ctn Aj = + 0.466 

sec A4 = — V2 CSC A, = + 3.86. 

4. Which of the trigonometric functions of an angle 
are never numerically less than unitj' ? which never nu- 
merically greater than unity? which sometimes greater 
and sometimes less than unity? 

5. Given sinA=^V3, and cosA = |^; find all the 
other functions of A. 

6. Given cos A := — V^ ; find all the other functions 
of A when A is an angle of the 2d quadrant. 

7. Given cos A = ; find all the other flinctions of 

2V2 
A when A is an angle of the 4th quadrant. 

8. Given tan A = V3 ; find all the other functions of 
A when A is an angle of the 3d quadrant. 

9. Given ctnA = |; find all the possible values of 
other functions of A. 

10. Prove sec^A . csc^A = sec*A+csc*A. ^ 

11. If CSC A = sec B, what is the relation between A 
andB? (1;. § 33.) 

■* 12. Draw lines in and about a circle whose radius is 
unity, which represent the functions of an angle A of the 
2d quadrant when cos A = — \\ also when A is an angle 
of the 4th quadrant, and cos A = + ^. 

13. Suppose A to be an angle of the 3d quadrant; 
draw lines as above when tan A := + 1. 
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14. Find b}' geometry all the functions of 45°. Given 
chord 36^ = 0.618, find sin 18°. 

15. Given sin A = ^, and A < 90°, what are the func- 
tions of the angles —A, 90° ± A, 180° ± A, 270° ± A, 
8C0°± A? 

16. Given sin 30 = ^; what are ,the functions y^ the 
angles 3270^ 2580°' 750° j— 150°, —60°, —120^? 

17. Show that formulas 8-15 hold when qi is an angle 
of the 2d quadrant. 

18. The same as the above when gp is an angle of the 
3d quadrant. 

19. Find all the functions of the following angles: 

210°, 225°, 240°, 300°, 315°, —45°. 

20. What values of A, Ai, A,, and Aj, between 0° and 
720°, will satisfy the following equations : — 

sinA= + ^ cosAi = — V^ 

tanAj = -fV3 tan"A3+4 sin «A8 = 

21. What angles less than 360° have a cosine = — V^? 
what a secant = — 2 ? what a tangent = -|- V3 ? 

22. Which of the following angles have a cosine = 
— i ? which a tangent = — 1 ? which a secant =-|- V2 ? 
45°, 120°, 225°, 240°, 315°, —240°, —315°, 600°. 

23. What values of A between 0° and 720° will satisfy 
the equation sin * A -[- 5 cos ^ A = 3 ? 

24. Given sin * A = m cos A — n ; find cos A. 

25. Given sin A = m sin B, and tan A = 7i tan B ; find 
sin A and cos B. 

"" 26. Show what change is taking place in each of the 
functions of an angle when the angle is increasing from 
0° to 90°, from 90° to 180°, from 180° to 270°, and from 
270° to 360°. 

27. Given sin ^ -[- cos ^ = 1 ; find d. 
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Q 

28. Given sin * ^ = r ; find d, 

2sec^ 

29. Givensin^d — 2cos^ + i = 0; find^. 

30. Prove: — 
8in*^.tand-f"COs*d.ctn^4-2sin^cos(?=tand + ctn^. 

31. Given cos 288° = 0.309 ; find ctnl62°. (Carry 
the result to three places of decimals.) 

-^ 32. Given tan 241° =1.8; find sin 299°. 
- 33. Given A = sin -* J, B = sin -^ f ; 

Prove A+B = 90°. 

^ 34. Prove sin ~^ a; -|- cos ~^ a; = 90°. 
-- 35 . Find the value of tan (tan ~^ a? + ctn "' a:) . 

36. Cosir=^-^. Cos(90-«)=-!'^. 
sin C ^ sin C 

Prove cos ^ A + cos ^B + cos ^C = 1. 



CHAPTER m. 

FUNCTIONS OF THE SUM AND DIFFERENCE OF TWO ANGLES, 
AND FORMULAS DEDUCED FROM THEM. 

§ 46. Oiven the sine and cosine of any two angles^ to 
find the sine and cosine of their sum and of their differ- 
ence. 

Let a and /3 denote the two angles, and let op, oq, and 

FIG. 34. 




OR be so drawn in a plane that a = poq, ^ = qor. 
Then, by § 16, — 

a + |3 = POQ -|- QOR = POR. 
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The angles a, ^, and a + ^? are all positive and acute 
in Fig. 34 ; but our solution is applicable to all possible 
cases (v. § 47). 

From any point, o, of the line ob, drop perpendiculars 
on OP and oq, meeting of and OQ at d and b respec- 
tively. From B drop a perpendicular on of, meeting op 
at A. Then the triangles oab, obc, and odo, are triangles 
of reference for a, ^, and a-f-^, respectively; and wi 
have — 

AB , / \ • j» ^C /i\ 

Sin o = — ; .\ AB = sm o . OB ; (a) sm i7= — . (o) 
OB oc ^ 



cos a =: — ; .-. OA = cos a . OB ; (c) cos/J = — . (a) 

OB ^ OC ^ 



sin(« + /5) = — ; cos(«+/J)= — . 

Through b draw bs parallel to op, and meeting DC at E. 
Let s and q be so taken that bs and bq are positive ; and 
let T be so taken on bc that qbt is a positive right angle. 
Then, by § 21 A and § 16, — 

SBT = SBQ + QBT= 90^ -\- a ; 

and BEC is a triangle of reference for this angle. Hence, 
by [13],- 

EC 

sin (90° -|- «) = cos a = — ; .'. E c = cos a . BC . (e) 

BC 



COS (90° + «)= — sin Of = — ; .*. be= — sin or . bc . (/) 

BC 
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Again, by § 2 and § 3, rf, — 

DC = DE + EC = AB-|-KC; 0D = OA + AB = 0A-|- BE. 

Then we have — 

sm («+/?) = — = , 



^ t ^\ OD OA , BB 

COS (tf + /5) = — = ; 

^ ' ' ^ oc oc ' oc 



or substituting from (a), (e), (c), and (/), 



sm (« + ij) = sin tf . h cos tf . — , 

^ ' ^^ oc ' oc' 



/ I /.x OB . BC 

COS («-)-/?)= COS « . sin a . — ; 

"^ ^ f^^ oc oc' 

now, substituting from (d) and (^), we get — 

sin (a -(- 13 ) = sin a cos |ii -[" ^^s a sin /?, [18, a] 

cos (rt -|-fJ ) = cos a cos j3 — sin a sin j3. [19, a] 

Since the above solution is applicable to all values of a 
and ^ (v. § 47), we may replace /S by — ^. 

But, by [11],— 

sin ( — 13) = — sin j3, cos ( — /3) =cosjJ. 

Hence we have — 

sin (a — jS) = sin « cos jS — cos a sin |S, [18, 6] 
cos (« — jS) = cos a cos j3 + sin a sin ^. [19, 6] 
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The four formulas proved above can be embodied in two 
formulas, as follows : — 

sin (a ± /3) = sin a cos ^ i cos a sin ^, [18] 

cos (a ± ^) = cos a cos |3 ^ sin a sin ^. [19] 

where we are to use either the upper signs throughout or 
the lower signs throughout. 

These two formulas, which are constantly used in mathe- 
matics, should be committed to memory. 

§ 47. After the student has thoroughly mastered the 
above solution as applied to an}- one case of the problem, 
such as that of Fig. 34, he should carefull}- re-examine it, 
-with the view to satisfying himself that it is equall}' valid 
for any possible case. To assist him in making this ex- 
amination, we append Figs. 35-38 ; and the student is 
advised to draw figures which shall represent still other 
cases. But it is important to obser^'e that the generality 
of the solution does not depend on a complete analysis of 
cases, but on its being stated in a form which can be seen 
at every point to admit of universal application. 



FIG. 35. 



no. 36. 



^ • 




.J^ 


> 


€-^ 




^ 1 


> 
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RG. 37. FIG. 38. 




tan (« ± i?) 



§ 48. Given the sine and cosine of the mm or difference 
of any ttoo angles, to find the tangent and cotangent. 
By [2], [18], and [19], we have,— 

sin ( a ± ^) Bin a cos ^ ± cos a sin |3 

" cos {a ± ^j cos a cos |^ =f sin a sin j3 

Divide both numerator and denominator by cos a cos /3, 
and we get, — 

sin a cos ^ cos a sin j? 

J. f . nN ^^s « COS ^ COS a COS i3 tan a ± tan i3 

tan (a ± P) = -'==-\ — 

cos a cos ^ sin « sin j3 1 T tan a tan / 

cos « cos /!i cos a cos ^ [20] 

By [1] and [20] we have,— 

1 __ . ^. 1 :f tan « tan j3 

tan(«±^)— '^^''^"'^P^— tan«±tan(3 

Divide both numerator aud denominator by tan a tan |?, 

and we get, — 

* / ^ D\ ctn « ctn |3 T 1 
ctn (« ± 5) = : 



^ 



Ctn ^ db ctn « 



pi]>^.- 
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§ 49. The following formulas are sometimes found use- 
ful. Let the student prove them by the aid of formulas 
[2, 18 a, 18 &, 19 a, 19 &, and 4.] 



[22] 



[23] 



sin (a-\-^) tan a-|-tan^ ctn ^ -j- ctn « 

sin (a — ^) tan a — tan fl ctn ^ — ctn a 

cos (a -[■ ^) 1 — ^^ " ^^ ? ^^^ (5 — **^ ^ 

cos (a — ^) 1 -|- tan a tan ^ ctn/i^ + tan a 

sin (a -[- i^) sin (a — 8) = sin * a — sin * ^ > _ _ 
= co8*^ — cos*a ) *■ -• 

cos (a + l^) cos (« — j3)=co8*a — sin*^) - ^ 
= cos*^ — sin*a> ^ -* 

§ 50. Oiven the functions of any angle^ to find the 
functions of twice that atigle. 

Substituting in [18 a] and [19 a] a for j3, we have, — 

} [26] 



sin (a -j- a) = sin 2 a = sin a cos a + cos a sin a 
=1 2 sin a cos a 



cos (« + «) = cos 2 « = cos a cos « — sin « sin a 
= cos^« — 8in*« (I.) I 
= 2co8«a — 1 (II.) ' 

= 1 — 2 8in«a (III.) 



[27] 



Substituting in [20] and [21] a for ± |3, we have,^— 

* / I \ 4. o tan« + tan« 2tana 

tan(«+a)=tan2«=— ^-— =j-^^^ [28] 

ctn(«+«)=ctn2«=e*2.^i54=-^=?^J^f:^ [29] 
^ ' ^ Ctn «+ ctn a 2 ctn a ^ -^ 
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§ SL Given the functions of any angle to find tliefunC' 
tiona of half that angle. 

All the preceding formulas are perfectly general, and 
will apply as well to one angle as to another. We can 
therefore substitute ^ a throughout in place of a. Making 
this substitution, — 

in [27 III.] we have, — 

cosa=l— 2sin^^ .-. siu ^= Vi^l — cos a) [30] 

in [27 II.] we have, — 
cosa = 2cos*^— 1 .-. cos^ = Vi(l4-cos«) [31] 

By [2], [30], and [31],— 
sin 



Hill — 1^ 

^ a 2 1— cosa ^oc^-^ 

tan- = = ^ rn P2] 

2 « \l + cosa *■ -* 

andby [3],— 



cos- 



ctn 






tan^ 



§52. By[29],- 



^ - ctn^a— 1 ,ctn*a — 1 -,^ . . __ .^ 

ctn2a== — r— =i = i(ctna — tana) [34] 

2 ctn a ^ ctn a * ^ / l J 

By [1] and [26],- 

1 1 

esc 2 « = - — -r— = TT—. = * sec « CSC a 

sin 2 a 2 sm a cos a ^ 

, -.- sin*«-}-cos'''« \ roKT 

= ^yM 2sinTcosa =^ (tan«+ctn«) [35] 
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B^" subtracting [34] from [35] we get, — 

tan « = CSC 2 a — ctn 2 a. 

Now, substituting ^ a for «, we get, — 

tan ^ a :=: CSC a — ctn «. [36] 

B3' adding [34] to [35], and substituting as above, we 
get, — 

ctn ia=zi CSC a + ctn a = — . [37] 

^ ' esc « — ctn a •- ' 

Substituting 45° 4" i <*» ^^^ ^^° — i a, for i a in 
[36], and we get, — 

tau (45° + i «) = CSC (90° + a) — ctn (90° + a) 

= by [13] sec a + tan a. [38] 

and 

tan (45° — ^ a) = esc (90° — «) — ctn (90° — a) 

= ctn (45°+ia) = 8eca — tana= p- [39] 

^ I » -^ sec«-[-tan« ^ •' 

§ 53. Some formulas will now be obtained, the useful- 
ness of which will be seen hereafter. 

By [18 a] and [18&],— 

sin (« + (?)+ sin (« — j3) = 2 sin a cos (3 [40] 

and sin (« -f- 1^) — s^" (a — ^) = 2 cos a sin j3 [41] 
By [19 a] and [19 5],— 

cos (a + j3) + cos (a — 19) = 2 cos « cos (3 [42] 

and cos (« — ^) — cos (a -|" ^) = 2 sin a sin |3 [43] 



60 
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Put a + ^ = a5 ••• 2a = a5-["y •'• ** = i (^ + y) 
a — ^ = y 2§=zx — y.'. (iz=i^(x — y) 

Substituting these values of a and ^ in [40], [41], [42], 
and [43], we get, — 

sin as + sin y = 2 sin J (a; -|- y) cos ^ (x — y) 
sin a? — siny = 2cosi (x + y) sinj (x — y) 
coQX -■\- cosy = 2 coa^ (x-\-y) cos^ {x — y) 
cosy — cosaj=2 sin J (aj + y) sin J {x — y) 

Since these last formulas are perfectly general, we can 
write an}' other letters, and therefore a and ^, in place of 
X and y, as follows : — 

sin a + sin j3= 2 sin i (a + 1^) cos^ {a — ^ [44] 

sina — sin]S=2cos J (w + l^) sin^ (a — j3) [45] 

cos « + cos /^= 2 cos i (« -[- ^) cos i (a — ^) [46] 

cos|3 — cosa=2 sin J (a + ^) sin i {a — (i) [47] 
B}' [44] and [45] we have, — 

sin ix -f- ^^'^ 1^ 2 sin J (a-^P)cos^(a — ^) "' 

sina — sin/i 2 cos ^ (a -[" ^) sin ^ (a — ^) 

> [48] 

In like manner we get, — 

C0S«--C03^ ^_^^ |-^^^ 

cos « -f- cos fi 2 V n- ry 2 V r/ L J 



sm a ± sm ^ . . , , „ 

, ^= tani (a ± B) 

cos a + cos fi * ^ ^^ 



sin a qp sin j3 

cos/!i — cosa 



ctnJ(«±iS) 



[50] 
[51] 
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EXAMPLES. 

1. Find the sines and cosines of the following angles 
by the aid of formulas 18, 19, and 12 : 0°, 90°, 180°, 
270°, 360°, (90°±A) (180°±A) (270°±A), (360°±A), 
and — A. (To get siu 0©, put i3^a iu [18, 6J. ) 

2. From the functions of 80° find those of 15°. 

3. Prove cos (60° + A) + cos (60° _ A) = cos A. 

4. Prove sin (30° -f A) -j- sin (30° — A) = cos A. 

K T> A 2 tan ^ A 

5. Prove sinA = -— ; Irr— • - 

l + tan^^A 

6. Find siu 3 A in terms of sin A." 

7. Find cos 3 A in terms of cos A/ 

8. From the functions of 90° find those of 45**.^ 

9. Given sin A = f ; find sin ^ A ; also cos ^ A. 

10. Given 2 sin A = sin 2 A ; find A. 

11. Given tan 2 A = 3 tan A ; find A. 

12. Prove tan 50° -[- ctn 50° = 2 sec 10°. 

13. Given sin 280° = m ; find sin 160°. 

14. Given sin ^ + cos ^ = ; find 6. 

V2 

15. Given tan (45° — ^) + ctn (45° — ^) = 4 ; find ^. 

1 n -D ^^^ A 4- sin A . . . -'^^ 

16. Prove -— -— L__ _ = tan 2 A + sec 2 A. 

cos A — sm A ' 

17. Prove 

2 sin 2 A sin* B + 2 cos 2 A cos ^B = 1 + cos 2 A cos 2 B. > 

18. Prove 

tan (45° + A) — tan (45° — A) = 2 tan 2 A. 

.r. ^ sinB sin(2A4-B) ^ , * , ^x 

19. Prove - — - = V / ^ — 2 cos (A + B) . 

sin A sin A \ i / 

^^ ^ 1— tan 2 (45° — A) . ^ , 

20. Prove— j-- — -)—-^ T^=sin2A. 

1 -J- tan 2 (4o — A) 
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\ -, „ 4tanA(l — tan»A) . ^. 

21. Prove _^-A____2= „„ 4 A. 

22. Prove 

sin A (1 -f- tan A) -j- cos A (1 -j-ctnA) = esc A -|- sec A 

23. Prove 

cos A + COS (120*' — A) + cos (120°+ A) = 0. 

24. Prove 

4 sin A sin (60°— A) sift (60° + A) = sin 3 A. 

25. Given sin 3 ^ + sin 2 ^ + sin 0=0; find 6. 

26. Given sin (a + a) = cos (a? — a) ; find x. 

27. Prove 2 sec 2 A = sec (45° + A) sec (45° —A). 

28. Given tan ^ = - ; find the value of a cos 2 5 + 6 

sin 2 0. 

In the next five formulas k denotes any integer. These 
formulas can be readil}' proved by making the proper sub- 
stitutions in formulas 40, 41, 42, 43, and 20. 

29. Prove 

sin Z: a = 2 sin (A; — 1) a cos a — sin {k — 2) a. 

30. Prove 

sin ka = 2 cos {k — 1) a sin a + sin {k — 2) a. 
51. Prove 
cos A; a = 2 cos (A; — 1) a cos a — cos (k — 2) a. 

32. Prove 

cos A; a = — 2 sin (A; — 1) a sin a + cos (A; — 2) a. 

33. Prove taafc«=,'"°(^-^>"+^'*°" 

1 — tan (A; — 1 ) a tan a. 

34. Prove by the aid of the formula of Ex. 31 cos 3 A 
= 4 cos 'A — 3 cos A. 
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35. Pro ve that when | A ia be tween O** and 90**, 

Vl-|-8mA=l + 28iniAVl — sin^A. 

36. Prove tan ~* a? — tan "^ v = tan "^ --^^^^^. 

1+xy 

37. Prove tan -^i-l- tan -^^ = 45^ 

38. Prove sin -^ ^ - + ctn-^ 3 = 45°. 

39. Given d = eoa~^ V}, and 9 = cos~^ ^o~ » 

prove g) 4- ^ = 60°. 

A A 

40. Obtain sin — in terms of sin A when -- lies, between 

2 2 

— 45°and— 135^ 

41. Find cos 105°. 

42. Find tan 165°. 

43. Determine the limits between which A must lie in 
order that 

2 sin A = + Vl -|- sin 2 A —Vl —sin 2 A. 

44. If tan ^ = ( ~~^ ) ^^ 2' ®^^^ ^^^ ^^^ ^ ~ 

cos qp — c 
1 — ccosqp* 



CHAPTER IV. 



FIG. 39. 
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§ d4. Functions of small angles. 

Let AOB be an}- positive acute angle, and let a be its 
circular measure. Let aob'= — a, 
and therefore b'ob = 2 a ; and let 
o be the centre of a circle of which 
the radius is r = oa = ob = ob'. 
Let the chord bb' cut oa at c ; and 
let the tangents at b and b' meet 
at T, which must lie in oa pro- 
duced. Then, — 




«==- 



arc ab arc bb 



CB chord bb' 
sina = — = - 



OA 2 r OA 

TB b't b't -}- tb 



2r 



tan « =: — = 

OB ob' 



2r 



Now, we know by geometr}', that 

chord bb'< arc bb' < b't + tb. 

Hence, dividing through by 2r, and substituting the 
above values, we have, — 

sin a < a < tan « ; [52] 
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or, tJie circular measure of an a^mte angle is greater than 
the sine of the angle, and less than the tangent of the 
angle. 

The last written inequality ma}- assume the form, — 



sin a a tan a 

Now, multiplying through by sin a, we have — 

,^^ sin a ^.^ - , 

1 > > cos a ; [53 J 

and, multiplying through by sec a, — 

tana 
sec a > > 1. [54] 

But, if a = 0, cos a = sec a = 1 ; and the differences 
1 — cos a (v. [53]) and sec a — 1 (v. [54]) can be made 
less than an}^ assigned quantity by taking a suflSciently 
. small. Hence, — 

sin a tana , . / trkt 
= 1 — e, =14-e^, [55] 

where e and e' are positive quantities which decrease in- 
definitely when a decreases. We have then — 

sina=(l — e) a, tan a= (1 -["O <^ > [^^] 
or, if a is very small, — 

sin a == tan a =: «, approximately. [57] 

For example, — 

sin 1'= tan 1' = ,-^^ = 0.0002908882 .... 
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§ 55. We have, by [30], — 

1 — cos a = 2 sin * J a. 
Now, b}^ L^5],— 

sinia=(l— O Xia = i(l — 0«; 
... 1 — cosa = i(l— O^aS 

or^^ = Hl-0»<i, [58] 

or C08a=l — J (1— «")"«*>!— ia*- [59] 

If a is very small, since e^' decreases indefinitely with 
a,— 

cos a = 1 — J a *, approximately. [60] 

For example, — 

,, , 0.0000000846.... ^ ^^^«^«^,« 
cos 1' = 1 ^ = 0.999999958 .... 

§ 56. The formulas proved in the last two sections 
enable us to compute approximate values of the sine, 
cosine, and tangent of a very small angle ; and the num- 
ber of decimal places to which these values are correct 
depends on the smallness of the angle. Let us next seek 
the limits of error of these formulas, so that we may know 
in what cases we have a right to use them. Such limits 
may be found as follows : — 

Since sin « = 2 sin \ a cos J a, by [26], and since 
sin i a > i a cos J «, by [53], — 

.'. sin a > « cos ^ Ja. 
But since, by [52], sin J «< J a, 

.'. cos ^^«=1 — sin^^a>l — Ja*; 

.'. sina>a (1 — ^a*) = a — Ja». [61] 
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Again, by [30] , cos a = l — 28in'^a; and, by the form- 
ala just proved, — 

sin ^ a > ^ a — 3^ « • ; 

.-. co8a<l— 2(^a— 5Va')"<l— i«'+A«*- [62] 
For example, 

if a = circ. meas. 1' = ,-7^ = 0.000290888 • . . . , 

l\)o\J\) 

i a » = 0.000000000006 . . . ., 
^a^ = 0.0000000000000004 . . . . ; 

so that the above methods are capable of giving values of 
sin 1' accurate to eleveii places of decimals, and of cos 1' 
accurate to fifteen places of decimals. 

By methods of the higher mathematics, we can establish 
still smaller limits of error ; proving that 

sina>a — ia«, ) 

cosa<l— ia^+g^a*.; L<>^J 

Now we easily compute 

J a«< 0.00001, if a< 0.03915 = circ. meas. 2M4'.6, 
3i5«*< 0.00001, if a < 0.12447 = circ. meas. 7° T.9. 

Hence, up to these limits respective!}', we may use the 
formulas sin a = a, cos « =: 1 — ^a\ with an error less 
than a unit in the fifth place of decimals, j 

7 

§ 57. To show how a table of trigonometric functions 
can be computed. 

It is necessary to find the functions of angles in the 
first quadrant only, as the functions of angles in the other 
quadrants are easily deduced from these. Since the sine 
of an angle is the cosine of its complement, a complete 
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table of sines will also be a complete table of cosines ; 
and from the sine and cosine of an angle the other func- 
tions are readily computed. We need only show, then, 
how to construct a complete table of sines for the first 
quadrant. 

We ma^' use the formula sin a=a for small values of a^ 
up to a certain limit depending on the number of decimal 
places used in the table, and determined as in the last 
section. We may then proceed by the following method. 
By [40],- 

sin (a + ^)-|-sin (a — §) =2 sin a cos |?. 

Let a be any angle, and let ^ be so small that we can 
use the formula [60], — 

cos^ = l— i^« 

with an error far below the greatest enx)r allowed in the 
table; for example, let fJ = circ. meas. 1'. Then the 
above formula gives, — 

sin (a+^)=2sina — sin (a — ^) — |!i*sina, 
or 

sin (a + ^) — 8ina = 8ina — sin (a — /?) — ^^sina. [64] 

If, then, we know sin a and sin(« — ]3), we can com- 
pute sin («.-|-^) ; then from sin (« + |^) and sin a, we 
can get sin {a-\-2^); and so on, using the successive 
formulas, — 

sin («-f-^) — sin« = 8ina — sin (« — ^)— ^*sina, 

sin (a-|-2^) — sin («-j-j3)=sin (a+^) — since 
-/;«sin(« + |3), 

sin (a + 3^) — sin (« + 2j3) =sin («+2^) —sin («-f j?) 
— ff2sin(«4-2f)'), &c. 
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If i3=cii-c. meas. 1'= 0.00029..., /3« = 0.0000000846..., 
and, as this small number is a constant multiplier in the 
last term, computation by the above formulas is quite an 
easy process. 

By the successive application of these formulas, we may 
find the sines of all angles of the quadrant at any small 
interval ^ ; for example, 1'. 

§ Sa Given sin 20° = 0.34202, sin 20° 30' = 0.35021 ; 
let the student compute the following values by the above 
formulas, assuming /ii=circ. meas. 30': — 

sin 21° =0.3584, 
sin 21° 30' = 0.3665, 
sin 22° =0.3746, 
sin 22° 30' = 0.3827, 
sin 23° =0.3907. 

§ 59. When the values of the sine have been computed 
up to 60°, its values for the rest of the quadrant can be 
easily found by the formula, — 

sin (60°+ a) — sin (60°— a) = 2 cos 60° sin a= sin a, 
or 

sin (60°+ a) = sin (60°— a) + sin a. 

Again, we have found in §§ 38, 39, the values of the 
trigonometric functions for 30°, 45°, and 60° ; and from 
these we can compute those of 22° 30', 15°, 11° 15', 
7° 30', 5° 37'.5, 3° 45', &c. The results thus obtained 
may be used as tests of the computation made by the 
method of § 57. 
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§ 60. The trigonometric functions are called natural 
trigonometric functions, to distinguish them from their 
logarithms, which are called logarithmic trigonometric 
functions. 

Tables of the natural and logarithmic trigonometric 
functions have been constructed ; and a thorough under- 
Ataoding of the use of these tables is neoMsary for per- 
forming trigonometric computations. 

Since there is some variation in the arrangement of dif- 
ferent tables, the student can better learn their use by 
referring to the explanations which accompanj' the tables, 
than by an}' explanations which could be given here. 

Peirce's four-place tables will be used in the solution of 
problems in the following chapters. 

§ 61. Interpolation, A tngonometric table cannot 
contain the functions of all angles of the quadrant, but 
only of angles separated bj' a certain interval ; for exam- 
ple, an interval of T or of 10'. The functions of inter- 
mediate angles can be found by the same principle of 
proportional parts which is applied to the table of loga- 
rithms of numbers. We can prove the validity of this 
principle for the trigonometric functions as follows : — 

sin (a+|3) =sinaco8^4-cosasin|S 

cos (a + |3) =:cosacos|? — sinasinj} 

Now, if §m very small, we can by [60] and [57], take 
cos ^= 1, sin |?=/3, and thus we have 

sin (a + |S) = sin a -|- |S cos a, approximately, 

cos (a+ 13) = cos a — ^ sin a, approximately. 
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Hence, if ^ and ^ are two very small angles, — 

sin (a4-B) — sin a d cos a B . ^ i 

ein(«+g^)-siaa =^-^^«=^' approximately. 

cos « — COS (« + S) 5 sin a B . . , 

So that, for ver^' small variations of an angle, the varia- 
tions of the sine and cosine are approximately propor- 
tional to the variations of the angle. Noifr, it is a known 
principle i%f idigaaitiims, that, for very small variations of 
a number, the variations of the logarithm are approx- 
imately proportional to those of the number (Peirce's 
Elements of Logarithms, § 15). Hence, for veiy small 
vaiiations of an angle, the variations of the log sin and 
log cos are approximately proportional to those of the 
angle. 

The same principle can be extended, by similar proofs, 
to the other natural and logarithmic trigonometric func- 
tions. The limits within which it may be properly em- 
ployed can also be investigated by means of the formulas 
of §§ 55 and 56. 

§ 62. It must be remembered that tables of logarithms 
and of trigonometric functions onl}- give the values of the 
functions to a certain number of decimal places. For 
example : log sin 16® is given by our four-place tables as 
9.4403 ; but this only informs us that the true value lies 
somewhere between 9.44025 and 9.44035. Thus every 
logarithm (and everj' natural function as well) taken from 
a four-place table is liable to an error not exceeding 
±0.00005 ; and, if the function is found by inteqx^lation, 
its total error may have an}' value short of 0.0001. If, 
then, a logarithm is obtained by adding or subtracting 
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several logarithms, the error of the resulting logarithm 
may be several times 0.00005. 

"When a change of 0.0001 in any logarithmic trig- 
onometric function produces a change of more than 1' in 
the corresponding angle, the four-place logarithm does 
not determine the angle to minutes, since the uncertainty 
of ± 0.00005 in the logarithm will leave an uncertainty of 
± 0'.5 in the angle. This will never be the case with the 
log tan or log ctn. 

" It is to be observed, that, with four-place logarithms, 
the angle can be determined to minutes from its log tan 
or log ctn in all parts of the quadrant ; from its log sin or 
log CSC in the first half of the quadrant ; and from its log 
cos or log sec in the last half Tliis observation will often 
direct the computer in the choice of his method, where 
several lie open to him." — Peirce's Elements of Log- 
arithms, 



CHAPTER V. 

SOLUTION OF RIGHT TRIANGLES. 

§ 63. To solve a triangle is to obtain from its given 
parts the values of its unknown parts. In every triangle 
there are six parts ; namely, three angles and three sides. 

We have learned from geometry, that, in general, it is 
possible to construct a triangle when any three of its parts 
are given, provided one of them is a side. We shall now 
show, that, in general, it is also possible to solve a triangle 
when we have the above data. 

In order to solve a triangle, we must obtain formulas by 
which each unknown part can be obtained from the known 
parts. 

As we proceed, we shall find that there are often several 
formulas by which an}" particular part may be found. A 
formula should be selected which is adapted to logarithmic 
computation^ and which will give accurate results ; and it 
is also well, when possible, to use formulas b}' which each 
unknown part can be obtained directly from those given 
at the outset. 

§ 64. *' After a table of logarithms has once been con- 
structed, the labor of certain arithmetic operations can be 
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materially diminished, while at the same time the chance 
of committing errors is lessened. The sole arithmetical 
operations which can be performed by logarithms are those 
of multiplication, division, involution, and evolution. 
Before, therefore, the value of an expression can be calcu- 
lated by means of logarithms, the expression must be put 
into such a form that no other arithmetic operations than 
these have to be performed. Such an arrangement of an 
expression is called the adaptation of it to logarithmic 
computation." — SnowbaU. 

Thus, when in a right triangle (Fig. 40) a and c are 
FIG. 40. given, and b is required, loga- 

rithms cannot be directly applied 
to determine tlte value of b from 
the equation b^ = c^ — a* or 
b = 's/c^ — a^ (§ 21, e) ; but if 
the equation is put into the fol- 
lowing form, 6 = V(c4-«) (o — a), Ic^arithms can be 
directly applied to determine the value of 6. 

When a and b are given, and c is required, the formula 
c^=a^'\'b^ not being adapted to logarithmic computa- 
tion, will not, in general, be used to determine c, but the 
problem will be solved in a manner to be explained here- 
after. 

Since, as has been stated above, it is generally advan- 
tageous to make use of logarithms in problems involving 
arithmetic operations, care will be taken in this, and in 
the following chapter, to deduce and make use of formulas 
adapted to logarithmic computation. 

§ 65. When we know that one of the angles of a tri- 
angle is 90°, i.e., that the triangle is a right triangle, we 
can solve it by simpler methods than when all of the 
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angles are oblique ; we shall therefore consider right tri- 
angles separatel}^ although they can be solved perfectly 
well by the general formulas which will be obtained here- 
after. 

When, in addition to the right angle, a side and one 
other part of a right triangle are given, it can be solved 
by formulas with which the student is already familiar, 
but which, for the sake of convenience, will be collected 
below. 

A + B = 90° (I.) 



sinA=- 
c 



cscA=- 



(11.) 



COSA=:- 
C 



secA= 



bj 



(III.) 



tanA=7 



ctnA=- 
a 



> (IV.) 



.._„«_i_fc» fc*— o«=6«=(c + a)(c— o) 
' ~ "*" lc»— 6»=a«=(c + 6)(c— 6) 

6=V'(c + a) (c — o) 



[65] 



§ 66. It will be worth while to begin by considering 
what cases can arise in the solution of right triangles. 
One side must be given, and may be either a leg or the 
hypothenuse. If a leg is given, there may be joined with 
it either the other leg, the hypothenuse, or an acute 
angle. If the hypothenuse is given, there may be joined 
with it either a leg (a case already considered) or an 
acute angle. 

The following, then, are all the cases which can 
arise : — 

Case I. Given the two legs. 

Case U. Given a leg and the h^'pothenuse. 

Case III. Given a leg and an acute angle. 

Case IV. Given the h3'pothenuse and an acute angle. 



66 PLANB TRIGONOMETRY, 

In each of these cases^ any one of the required parts may 
be obtained from the given parts by using thcU one of tlie 
formulas in § 65 which involves tlie parts in question. 

The general rule given above should be rigorously fol- 
lowed, except in those eases where it will give formulas 
which are not adapted to logarithmic computation, or 
which will not give accurate results. 

§ 67. Case I. When we wish to find the h3'pothenuse 

fVom the two legs, the formula which we should choose in 

accordance with the rule, — i.e., c" = a^-}-&*, — is not 

adapted to logarithmic computation. Here, then, we 

we shall have to deviate ft*om the rule ; and, in finding 

the h^-pothenuse, we will proceed as follows : we will first 

a 
find the angles by the formula, tan A = ctnB = -; and 

having found the angles we will get c from the formula, 

CSC A = - , or CSC B = -. 
a b 

If either angle is very small (say less than 10°), it is 

best to employ the esc of the larger angle ; since a small 

angle must be given with gi-eat precision in order to deter 

mine accurately its sine and cosecant. 

Example I. Given a = 643.6, b = 59.87. 
10-f- log tan A = log a — log 6= log ctnB, 
log c = log a -j- log CSC A, 
log a= 2.8086 log a = 2.8086 

log 6=1.7772 log CSC A = 0.0019 

log tan A = 1 .0314 = log ctn B, log c = 2.8105, 
A = 84° 41', B = 5° 19' c = 646.4 

Example 11. Given a = 0.0227, b = 0.0840. 
Answers. A = 15° 7' ; B = 74° 53' ; c = 0.0870. 



BIGHT TBIAN6LES. 67 

§ 68. Case U. Given a leg and the hypothenu&e (c), 
we will denote the given leg by h. 

Proceeding in accordance with the rule, we shall get the 
formulas 

8inB=cosA = -, and a=V(c-j-ft)(o — h)^ 
c 

by which the following examples can be solved : — 

Example L Given c == 7.458, b = 0.6473. 
Answers, a = 7.430, A = 85° 1', B = 4° 5^. 

Example 11. Given c;= 672.3, 6=548.9. 
Answers, a = 388.2, A = 35^ 17', B = 54° 43^. 

The above method is the best when b differs considera- 
bly from c; but, when b is nearly equal to c, sin B and cos 
A will be nearly equal to unity ; B will therefore be nearly 
equal to 90®, and A will be nearlj^ equal to O'*. When 
this is the case neither A nor B can be obtained with great 

accuracy from the formula sin B =co9 A = -(v. § 62 end). 

c 

We will now deduce a new formula by which, when b is 
nearlj' equal to c, we can find A (and therefore its com- 
plement B) more accurately than by the above method. 

From [30],— 

2sin«iA = l — cosA=l— -=^=^, 



c 
] c — b 
2c 
Example IIL Given 6 = 7.4169, c= 7.4451. 



siniA= j^ 



[66] 



From [66],— 

logsin^A = ^ [log (c — b) — log2c]. 
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The fononla for finding a is, in accordance with the 
rule, a = V(c-f 6) (c — 6). 

.-. loga = i[log(c + 6)+log(c — &)] 

2c=14.8902 c+&=14.8620 log (c+ 6) =1.1722 
log2c = 1.1730 c— 6= 0.0282 log (c—6)= 2.4502 



log(c— 6)=2.4602 2 | 1.6224 

log 2c = 1.1730 log a =1.8112 

2 I 17.2772 « =0.6474 

log sin i A =8.6386 

iA = 2*^ 29'.6, A = 4** 59'.2, 90!— A = B = 85° 00'.8. 
Example IV. Given c = 84.32, b = 84.28. 
Answers. a = 2.597, A = l° 46', B= 88^ 14'. 

^^ 

% 69. Case III. Given a leg and an a^cute angle. 

In this case and the following case, the unknown angle 
is the complement of the given angle ; while the unknown 
sides may be found by employing those functions of the 
given angle of which the numeratora are the unknown 
sides, and the denominator the given side. 

Example I. Given 6 = 0.084, A = 15° 9'. 
Ansioers. c=0.0870, a = 0.0227, B = 74°51'. 
Example II. Given a = 64.82, A = 10° 3'. 
Answers. c = 371.4, 6 = 365.8, B = 79°57'. 

§ 70. Case IV. Given the Jiypothenuse and an acute 
angle. 
Example L Given c = 426.7, A = 34° 15'. 
Answers, a=240.1, 6 = 352.7, B = 55°45'. 
' Example 11. Given c = 371 .4, A = 10° 3'. 
Answers. B = 79° 57', 6 = 365.8, a = 64.82, 





EXAMPLES. 






Give 


DC = 0.8423 


A = 42° 28' 


= 90° 


solve 




c = 0.4497 


B = 51° 25' 


C = 90° 






a = 984.2 


A = 22° 59' 


C = 90° 






6 = 6.732 


A =79° 13' 


C = 90° 






a = 31. 


B = 86°18' 


C = 90° 






6 = 984.2 


B = 22°59' 


C = 90» 






c=73 


6 = 65 


C = 90° 






c=9 


6 = 8 


C = 90° 






c=1006. 


a =1000 


C = 90° 






c = 86 


o = 17 


C = 90° 






a = 0.1 


6=1.069 


C = 90° 






a = 272 


6 = 224 


C = 90° 





BIGHT TBIANGLES. 69 



1. 

2. 

3. 

4. 

5. 

6. 

7. 

8. 

9. 
10. 
11. 
12. 

13. Given one leg equal to .7, and the angle opposite 
this leg equal to | the angle opposite the other leg : solve. 

14. If one leg of a right triangle is | the hypothenuse, 
what are the angles of the triangle ? and what is the ratio 
of the other leg to the hypothenuse? 

' 15. Given one leg (a) and the perpendicular from the 
right angle on to the hj-pothenuse : solve. ^^*" " 

16. Having measured a distance of 200 feet in a direct 
horizontal line fh)m the bottom of a steeple, the angle of 
elevation of its top was found to be 46° 30^ : find the 
height of the steeple. Ans. 210.8 fb. 

17. A river whose breadth ac is 200 feet runs at the 
foot of a tower cb which subtends an angle bag of 
25° 10' at the edge of the bank : find the height of the 
tower. Ana: 93.98 ft. 

18. A person on the top of a tower 50 feet high 
observes the angle of depression of two objects on the 
horizontal plane, which are in the same straight line with 
the tower, to be 30° and 45° : find their distances from 
each other and from the observer. § • 
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19. A tower 150 feet high throws a shadow 75 feet long 
upon the horizontal plane on which it stands: find the 
sun's altitude. Ans. 63° 26'. 

20. A tower stands b}'^ a river. A person on the oppo- 
site bank finds its elevation to be 60° ; he recedes 40 
yards in a direct line from the tower, and then finds the 
elevation to be 50° : find the breadth of the river. 

21. A rope is fastened to the top of a building 60 feet 
high. The length of the rope is 109 feet : find the angle^ 
at which it is inclined to the horizon. Ana. 33° W.y 

22. Standing straight in front of a house, opposite one 
comer, I find that its length subtends an angle whose tan- 
gent is 2, while its height subtends an angle whose tangent 
is J ; the height of the house is 45 feet : find its length. 

•23. From a balloon which is directly above one town, is Q^,^__ 
observed the angle of depression of another town, 10° 14'. |^ 
The towns being 8 miles apart, find the height of the bal- y^ ' 
•loon. Ana. 1.444 miles. 

24. Given an angle and the area : find formulas for th^ 
three sides. E. g. A = 38° 27', area 158.4. 

25. Prove that in a right ti'iangle, area = « ( « — c ) , 
where C is the right angle, and « = ^ {a-\-h'\'C). 

26. Wishing to know the height of an inaccessible hill, 
I took the angle of elevation of its top to be 60° ; I then 
measured 100 feet away from the hill, and found the angle 
of elevation to be 45° : what is the height of the hill? 

27. Find the angle which a flagstaff 5 yards long, and 
standing on the top of a tower 200 yards high, subtends 
at a point in the horizontal plane 100 3^ards from the base 
of the tower. Ans. 0° 34'. 

*' 28. The depth of a dam is 8 feet ; the width at the top 
is 10 feet ; the inclination to the horizon of each side is 
38° 53'. Find the width of the dam at the bottom. 

Ana. 29.84 feet. 
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29. When the altitude of the sun is 30"*, the length of 
the shadow cast by Bunker Hill Monument is 381.1 feet. 
Find the height of the monument. Ana, 220 feet. 

30. The earth's radius is 3,963 miles. Find the radius 
of the circle of latitude through Cambridge, Mass. (lat. 
42° 23'). Ans. 2,927 miles. 

31. Find the length, in geographical miles^'of the arc 
of the circle of latitude joining Halifax (long. 63° 35' W. ; 
lat. 44° 40' N.) with Cape Ferret, near Bordeaux, France 
(long. 1° 14' W.; lat same as that of Halifax) . 

Ans. 2,661 miles. 

32. A regular heptagon is inscribed in a cuxle the ra- 
dius of which is 6.6. Find a side and the area of the 
heptagon. Ans. Side, 5.726 ; area, 119.2. 

* A geographlfial vnile is the length of an arc of V measured on 
the earth's equator. 



CHAPTER VI. 



FORMULAS BELATIKO TO OBLIQUE TRIANGLES. — SOLUTION 
OF OBLIQUE TRIANGLES. 

§ 71. Tlie sides of any triangle are proportional to tJie 
sines of the opposite angles. 



FIG. 41. 



FJG. 42. 




From B and c (Figs. 41 and 42) let fall the perpendic- 
ulars jj' andjj on b and c respectively. Then 



8inA=|,smB=?...?!^=fx^=?. 
a smB b p b 

««^ «,•« A P^ ' r^ P' sin A «' a a 

and sm A=— , sinC = - .'.-T— F. = -X -/=-. 

c ' a sm C c p c 



(a) 



From (a) we get, ^^= -,— _, 
^ ^ '^ smA sinB 
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From (/S) we get, -r—r = -.—7^, 
^^^ ° sin A sinC 



sin A 



b 
sinB" 



' sin C 



[67] 



In appl3'ing the above to Fig. 42, we must remember 
that sin 6 is equal to the sine of its supplement cbp. 

§ 72. The sum of any two aides of a triangle is to their 
difference as the tangent of half the sum of the opposite 
angles is to the tangent of half their difference. 

From [67] we get, by the theory of proportions, — 

a + 6_si nA + 8i nB_ tanJCA + B) 

a-6-sln"A=^nB-^y L^^ J tan i (A - B) ' ^^^J 
In like manner 

a + c _ tan^(A-[-C) 6 + c _ tan^ (B + C) 

a_c~tani(A — C)' 6 — c"~tani (B — C)' 

§ 73. The square of any side of a triangle is equal to 
ihd sum of tJie squares of the other two sides, minus twice 
the product of tliose sides into the cosine of their included 
angle. 

FIG. 43. F'G 44. 




Through c in the triangle abc 
(Figs. 43, 44, and 45) draw pc 
perpendicular to c. In each fig- 
ure, then, 

a^=PB^+pcS 
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but PB = PA + AB = — AP + c(v. §3,<f.) 

.•.PB* = AP* — 2APC + C^ 

.-. a»=pc«+AP«+c«— 2apc, 
bat cos A = -^, 

.-.AP = 6 cos A, and pc*+ap*z=6«. 

.•. o* = 6^4-c^ — 2 6CC08A, 
and in like manner 

6»=c«+a«— 2caco8B, 
c«=a«+6«— 2a6cosC. 
Corollary. Formula for tlie diagonal of a parallelo 



[69] 



Let w denote an angle of a parallelogram, m and n its 
sides, d the diagonal which divides w, and w^ the supple- 
ment of w. 

By constructing a proper figure it can be readily seen 
that d, w, and n form a triangle in which the angle 
included by m and n is te^^. 
.-. by[69],— 
(|^=m*4-^* — 2mncosM;i ; 
but since w and w^ are supplements, we have, — 
cos Wj = — cos w; 
.•. d* = m^-|-n^-|-2mncosw. [70] 

§ 74. Formula for the side of a triangle in tei^ms of the 
cosines of the adjacent angles and the other two sides. 
From Figs. 43-45, it is evident that, — 

a = 6 cos C + c cos B, 
6 = ccosA+acosC, - [71] 

. c = a cos B -f-& cos A. 
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From [71] all the relations between the six parts of a 
triangle can be deduced by algebraic transformations ; but 
the processes are somewhat longer than those given in the 
text. 

§ 75. Formulas for sine and cosine o/^ A, ^ B, and ^ C. 
From [69] we find 

_ b^-\-c^—a* _. 



cos A: 



26c 



:by [27ra.]l — 2 8in«iA, 



* 26c 26c 

_ aa_(^,a_26c+c«) _ (a— 6+c ) (a+6 — c) 
~ 2 6c "" 2 6c • 

put 25 = a-|-6-[-c, .'.a — 6-|-c=2(8 — 6) 

and a-|-6 — c = 2 {s — c) 



* 26c 

anner 



and in like manner 
sin 



[72] 



sm 

Also, — 

cos A = ^'"^'^^J~^'' =by[27IL] 2co3«iA— 1, 



* A, B, and C are less than 180°, and i A, i B, and i C are less 
than 90°: we most then give the + sign to the radicals. 
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* 46c 46c 



{b-^-c-^-a) (6 + c — g) _ 2g2 (s—a) _ 8 (8 — a) 



4&C 



46c 



6c 



and in like manner 
cos 



ler 



[78] 



Since the sine of an angle and the sine of its supple- 
ment are the same (v. [8]), whenever all tliat is given 
concerning an angle is the value of its sine, the angle 
may have either of two supplementary values. The 
ambiguity thus arising in the use of [72] is, however, 
removed by the consideration, that, since A, B, and C, 
being angles of a triangle, are each less than 180°, ^ A, 
J B, and ^ C are each less than 90"*. 

§ 76. Formulas for tan \ A, tan \ B, and tan J C, in 
terms ofs^ a, 6, and c. 

By [2], [72], and [73] — 

Us-b)(8-c) 

taniA = ?^5l^ = ^^L— ^^— - 
* cos J A I s (s — g) 

J 6c 



•o. not© p. 75. 
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and in like manner 



N «(«— a) 
ner 

taniB = + K'-c)(s-a) 
^ ^>| 8(8 — b) 

^N «(« — c) J 



[74] 



§ 77. Formulas for the area of a triangle^ in terms of 
two sides and the included angle; in terms of one side and 
tJie adjacent angles; and in terms ofs and the three sides. 

FIG. A6, 

From geometry we know that 
\a the area of a triangle is half the 
product of its base by its alti- 
tude. 




but 



.'. area of ABC (Fig. 46)=Jpc, 
sinA = ^ .•.p = 6sinA. 
denoting the area by K we have, — 
K = J 6 c sin A. 



By[67],- 



[75] 



a sin B , a sin C 

= — ; — ;— , and c = 



sin A 



sin A 



Substituting these values in. [75], and noting that, 
since A = 180° — (B -|- C ), sin A = sin (B + C), we 

get,— 

, a^sinBsinCsinA .a'sinBsinC ^ ., 

^-* SiT^: -2sin(B + C)- "-'^J 

* V. note p. 75. 
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By[26],- 

sin A = 2 sin ^ A 008 ^ A. 

•*• sabstitatiog in [75] we get, — 

E = ^ 6 c 2 sin ^ A cos ^ A. 

.-.by [72] and [73],— 

(8 — h)(8 — c)(8 — a) a 



:=6cJ 



bc' be 
=V« (8 — a)(« — 6)(a— c) 



[77] 



y 



§ 78i FormvXafor the area of a triangle^ in terms of 8 
and r (the radius of the inscribed circle). 



Let o (Fig. 47) be 
the centre of the in- 
scribed circle; then each 
of the lines ol, om, and 
ON, perpendicular to a, 
6, and c respectively, 
will be equal to r. 



Now, the triangle ' 
ABC = Boc -|- coA -|- AOB ^=\ar -\'\br'\'\cr. 

.-. K = i(a + & + c)r=«r [78] 

§ 79. Formula for the radius of the inscribed circle^ in 
terms of «, a, 6, and c; and in terms of «, A, B, and C. 

By [78] and [77],— 




^^K^ \ (8-a)(s-b)(s-c) 

8 \ 8 



[79] 
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From [79] and [74] we get, — 

r = 8 tan i A tan i B tan ^ C. [80] 



§ 80. FonmUaa for tan ^ A, tan ^ B, and tan ^ C, in 
terms of r, «, a, 6, and c. 

Dividing both sides of [79] by 8 — a, we get, — 

r ^ 1 (8.-6) (8 -c) ^ 
8 — a \ 8(8 — a) 

... by[74],- 

taniA = - '^ 



8 — a 



and in like manner 



taniB = r 

* 8 — b 

taniC = -^ 

-* 8 — C 



[81] 



§ 8L Formulas for the perpendiculars Pa, Pt,^ and p^^ 
from the angles upon the sides a, 6, and c respectively. 



he 
jp,=&8inC = csinB = by [67] — sinA 

a 

.•.by[75]i>.= ^ 



and in like manner 



i>6 = 



2K 



2K 



[82] 
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§ 82. Formulas for rcLdius of circumscribed circle (R), 
in terms of a side and the opposite angle; and in terms of 
K, a, 6, and c. 

In Fig. 48 draw the radius od perpendicular to bc ; 
therefore by geometry, — 

FIG. 48. 




and 



By [75],- 



EB = i CB = ^ a, 
arc DB = i arc CB ; 
.•. the angle dob = A. 

.'. CSC DOB = CSC A = Y— 

.'. R = ^acscA. 



sin A = 



2K_ 1 

bc CSC A 



• • (/OO ^x - 



be 
2K 



.-rv«-i « abc 



[83] 



[84] 



Note. —In each set of fonnulas numbered 67, 69, 71, 72, 73, 74, and 
82, the first is perfectly general: from it, therefore, 
the other two can be obtained by direct substi- 
tution. The work of substitution is made easier 
by the following rule : Given the first in each set, 
the others are obtained by advancing the letters; 
that is, by substituting for each letter of the equa- 
tion the next letter in the fixed order indicated by 
the figure in the margin. In this manner, the sec- 
ond of [74], for example, can be obtained from the first, and then 
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§ 83i Solution of oblique triangles. 

*' We may remark here, that when an angle of a triangle 
is determmed from its cosine, versed sine, tangent, cotan- 
gent, or secant, no uncertainty can exist about tha angle, 
because only one angle exists less than 180° for which any 
of these functions has an assigned value. But when an 
angle of a triangle is determined from its sine or cosecant, 
uncertainty may exist, since there are two angles less than 
180° which have a given sine or a given cosecant." — 
Todhu7iter, ^ 

There is, however, no uncertainty in the case of right 
triangles, because each angle, except the right angle, is 
acute 

According to the methods of solution which we shall 
adopt, there is only one case of oblique triangles where 
there can be any uncertainty in the angle : this case will 
be fully discussed hereafter {v. Case II. § 85). 



§ 84. Case I. CHven two angles and a side^ — -4, JB, 
and a . find (7, 6, and c. 

A + B + C = 180°, .-. C = 180°— (A + B). 



the third from the second, and the first again from the third. In 
like manner, the second may be obtained from the third, the first 
from the second, and the third from the first, by moving the letters 
back. 

By the above rule, we can get from [75], — 
K =r ^ c a sin B, 
and K = if a & sin O. 

Also from [83] we can get, — 

R = i 6 CSC B, 
and Bs^ccscO. 



i' V, j:-. log6 = loga- 

I ^~ ' and [ log c = log a- 
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By [671, 

a b e . a sin 6 . « * 

-: — -. =-rnb = "^~"7i»-'' ^="'^^ — I =asmBc8cA, 
sin A sinB smC Bin A ' 

and c = — : — 7-=a8inCc8cA; 

sin A 

> = log a -|- log sin 6 -[- log esc A, 

I -}- log sin C -f- log CSC A. 

Example L 

Given A = 36 ° 56', B = 72 ° 6', a = 36.74 

log CSC A = 0.2212 log CSC A = 0.2212 
log sin B = 9.9784 log sin C = 9.9756 
log a =1.5652 log a z= 1.5652 

log 6 =1.7648 logc =1.7620 
b =58.19 c =57.81 

A + B=109°2' 180°— (A + B)=C = 70°58' 

Example IL 

Given a = 0.3578, B = 32° 41', C = 47° 54'. • 

Ansuoers. 

A=99° 25', 6=0.1959, c = 0.2691. 

§ 85. Case II. Given two sides and an angle opposite 
one ofthem^ — a, 6, and A; Jind c, B, and C. 

It has already been stated (§ 63) , that, in general^ a tri- 
angle can be solved when any three of its parts are given, 
provided one of the given parts is a side. It will now be 
shown, that, in the present case, the given parts can be so 
related to one another, that two different triangles can be 
obtained from them, that a single triangle can be obtained 
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FIG. 49. 




from them, and that no triangle can be obAined from 
them. 

Suppose A to be less than 90°. 

(1.) Make A (Fig. 49) equal to the given angle, and b 
equal to one of the given 
sides. Fromifj as a centre, 
with a (the other given ^ 

side) as a radius, describe 
an arc. If a is sufficiently 
large, and at the same 
time less than 6, our arc *' 
will cut AB in two points, b and b', both on the same side 
of A, and we shall have two triangles, abc, ab'c, each of 
which will satisfy the conditions. 

(2.) K a is 
equal to or 
gieater than 6, 
there will be 
only one trian- 
gle which will 
satisfy the con- 
ditions (u Fig. 50). 

(3.) If a is just equal to the perpendicular let fall from 
c to AB (Fig. 51), then the arc will fjg. 51. 

cut the line ab in only one point, b, 
and we shall have only one triangle, 
namely, the right triangle abc. 

(4.) If a is less than bc (Fig. 5^), then the arc does 
not cut the line ab, and there is therefore no triangle 
which will satisf}'' the conditions. 

The length of the pei-pendicular bc {v. Fig. 51) is evi- 
dently 2» sin A. 
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The 8ta#nt will note that when there are two solutions 
{v. Fig. 49), we have, — 

cb'a = 180° — bb'c = 180°— CBA ; 

i.e., the two values of B are supplements. 

When there is only one solution (Figs. 50 and 51), B 
cannot be greater than 90°. 

Collecting the results of our discussion, we have, when 
A is acute, — 

Two solutions, when a < &, and a > & sin A, 

One solution, when a = &, or a > 6, or a = 6 sin A, ► [85] 

No solution, when a < & sin A. 



FIG. 52. 



When A = 90°, or 
A > 90°, we can never 
have two solutions, as 
can readily be seen from 
Fig. 52 ; and there will 
be no solution when 



a < 6, or a = 6. 

In the present case, we have given, as has already been 
stated, a, 6, and A. 




By[67],- 



a 



sin A 



sin B sin C ' 
6 sin A 



sinB = 



.'. log sin B = log 6 + log sin A -|- colog a, 
C = 180°— (A + B). 
c=— ; — — .*. log c= log a -|- log sin C 4- log CSC A. &^^ 
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Example I. Given A = 32° 43', a = 988.1, b = 672.3. 
A is acute, and aZ> h; therefore, by [85], we shall have 
only one solution, and B must be acute. 

log b = 2.8276 log a = 2.9948 

log sin A = 9.7328 log sin C = 9.9096 

colog a = 7.0052 log esc A = 0.2672 

log sin B = 9.5656 log c = 3.1716 

c=1484 
B = 21° 35', 180° — (A + B) = C = 125° 42' 

Example 11. Given A = 48° 34, a = 46.24, b = 60.02. 
A is acute, a < 6, and a > 6 sin A ; therefore, by [85], 
we shall have two solutions; and the two values of B 
(B and B') will be supplements of each other. 

colog a = 8.3350 B = 76° 43' 

log b = 1.7783 B'= 103° 17 

log sin A = 9.8749 C = 54° 43' 

log sin B = 9.9882 C = 28° 9' 

log a = 1.6650 log a z= 1.6650 

' log sin C = 9.9119 log sin C' = 9.6738 

log CSC A = 0.1251 log CSC A = 0.1251 

log c = 1.7020 log (f = 1.4639 

c = 50.35 c' = 29.10 

Example III. 

Given a = 49.00, c = 31.24, C = 32° 18'. 

Answers. 

A = 56° 55', B = 90° 47', 6 = 58 47. 
A'= 123° 05', B' = 24° 37', V = 24.36. 
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§ 86. Case II. Second method. 
Given a, b aiid A ; Jind c, B and C. 

When a is only a little larger 
than p (b sin A) , the angles B 
and B' will differ little from 90°, 
and cannot, therefore, be deter- 
mined with accuracy from their 
sines ( v. § 62 ) . In this case, 
the following method will give 
more accurate results: b and 
A being given, we can, by § 69, 
solve the right triangle ado 
(Fig:. 53), and find ad and p. 
Now, a and 7> being known, we 
can, by § 68, solve the triangle 
BDO, or its equal, b'dc, and find the angles B and bcd 
[=b'cd], and the side db. 

From the above, we can find the required parts of the 
triangles abc and ab'c, for 

C=AD + DB, C' = AD — b'd, 
C = ACD + DCB = 90° — A -|- DCB, 
C'=: ACD — DCB [= b'cd] 

As has been stated before, when b and b' fall on oppo- 
site sides of the point a, there will be only one solution ; 
i.e., when b'd > ad, or when c' is negative. 

Example. Given A = 85° 2', a= 1076, 6 = 1078. A 
is acute, a < 6, and a > 6 sin A: therefore, bj' [85], 
there are two solutions : — ' 

1st, Solve, by § 69, the right triangle adc (Fig. 53) « 
log sin A = 9.9984 log cos A = 8.9374 

log6 = 3X)327 log 6 = 3.0327 

logj9 = 3.0311 Ipg AD = 1.9701 

i>=1074 AD = 93.35 

ACD = 90 — A = 4° 58' 
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2d, Solve, b}' § 68, the right triangle bdc. 
Substituting, in [66] , we get, — 

. 1 \ a — p 

sin i DCB _ ^-^ j^^ ^^ _^^ ^ ^^^^^ 

a —p = 2. log (a +i)) =3.3324 

a+i> = 2150. 2 1 3.6334 



2 a = 2152. log bd = 1.8167 

BD = 65.57 

log (a —i9) = 0.3010 
colog 2 a= 6.6671 

2rr6T968r 



log sin I DCB = 8.4840 
i DCB = 1° 45' 
DCB = 3° 30' = dcb' 
From the above we get — 

ACB'=r 28' </ = 27.77 

ACB=8°28' c= 158.9 

§ 87. Case III. Given two sides and the included 
angle a, 6, and C. 

A + B = 180°— C. 
By [68] we have 

a + 6 _ tan^(A + B) 
a — 6~tani(A — B)' 

.'. (a + 6) tan^ (A — B) = (a—b) tan^ (A + B), 

...tani(A-B) = ^^tani(A + B), 

.•. log tan i (A— B)= log (a — b)-\- log tan J (A+B) 
-f colog(a + 6). 
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We now have J (A + B) and J (A— B). 

But i (A— B) +i (A + B) =A, 

and i (A + B) — i (A — B) =B. 

We now have to obtain c, which we do as in Cases I. 
and II. 
By [67],- 



, C: 



asinC 



sin A sinC' ' * sin A' 

••. log c = log a + log sin C -|- log esc A. 
Example L 

Given a = 48. 72, 6 = a984, C = 68^ 34'. 
A + B = 180 — C = lir 26', 
i (A + B) =55° 43: 
a + 6 = 52.704 colog (a + 6) = 8.2782 
a — 6 = 44.736 log (a — 6)= 1.6506 
logtan^(A+B)= 0.1664 
log a = 1.6877 logtanj (A — B) = 0.0952 

log sin C = 9.9689 ^(A — B)= 51° 14' 

log CSC A = 0.0193 ^(A+B)= 5 5° 43' 

logc= 1.6759 A = 106°57' 

c= 47.41 (v. note). B= 4° 29' 

Example 11. Given a = 7.942, 6 = 9.998, C = 72° 9'. 
A + B = 180° — C = 107° 51', 
i(A + B)=53°55'.5. 



Note, —c might have been obtained directly from the given parts 
by the formula c^ = a^ + b^ — 2 ab cos C; but the above method 
is to be preferred, since the formula there used is adapted to loga- 
rithmic computation. 
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a-\-b= 17.94 colog(a-{r6)=8.7461 

a — 6 = — 2.056 log (a — 6) =0.3131 » 

log a = 0.8999 log tan i (A + B) = 0.1376 

log sin C= 9.9786 logtan^ (A — B) = 9.1968 » 

logcscA = 0.1507 i(A — B)=— 8^ 56'.8 

lege = 1.0292 i (A + B)=53° 55'.5 

c= 10.70 ' A = 44° 58'.7 

B = 62°52'.3 

In solving a triangle like the above, negative quantities 
can be avoided, if use is made of the following form 
of[68],— 

b + a _ tan i (^ +_-A.) 

6 — a~tani(B— A)* 

Example III. 

Given a = 6.239, b = 2.348, C = 110° 32^. 
Answers. A = 52^ 10', B = 17° 18', c = 7.398. 

§ 88. Case IV. Given the three sides a, 6, and c. 
s = i(a + 6 + c). 

We can use here either [72], [73], [74], or [81] ; but 
[74] or [81] are to be preferred, since, by their use, accu- 
rate results can be obtained for all values of the angles 
sought {v. § 62). 

We will first use [74] which is, — 

taniA=:+ \- r — , 

2 ' \ s{s — a) 

fan 11^ — J- Ks — c)(is — a) 

^nxc = + K-;>^--^> : 
2 ' \ s{s — c) 
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.•.logtanJA = J[log(3 — 6)+log(« — c) 

+ colog«+colog (s — a)]. 

logtaniB = i[log(8— c)+log(8 — o) 

+ cologs+colog(5— 6)]. 

logtaniC = iPog(a— a) + log(« — 6) 

+ colog« + colog(«— c)]. 

Any two angles having been found, it is evident that 
the third can be found from the equation, 

A + B + C=180^ 

It is better, however, to find each angle independently, 
and then to use the above equation to test the accuracy of 
the work. 

Example. Given a = 0.0886, 6 = 0.1642, c = 0.1022. 

2 8= 0.3550 

8= 0.1775 logs= r.2492 

8 — a= 0.0889 log(s — a)= 2.9489 

8—h= 0.0133 ]og{s — b)= 2.1239 

8 — c= 0.0753 log(s — c)= 2.8768 

log(s — 6)= 2.1239 log(s — c)= 2.8768 

log(s — c)= 2.8768 log(s — a)= 2.9489 

colog 8= 10.7508 colog s = 10.7508 

colog(5 — a) = 11.0511 colog (s— 6) = 11.8761 

2 1 18.8026 2 [200526 

logtaniA= 9.4013 logtaniB= 0.2263 

iA = 14°9' iB = 59°18 

A = 28° 18' B=118°36' 
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\og{s — a)= 2.9489 

log(s— &)= 2.1239 

cologs = 10.7508 

colog(s—c)= 11.1232 



2 18.9468 
log tan ^C= I 9.4734 
iC = 16°34' 
C = 33°8'. 
Check. A + B + C = 180° 02' {v. note) . 

§ 89. We will now solve the problem by [81], which 
is well adapted to logarithmic computation when all the 
angles are required. 

By[81],_ 

log tan i A = log r -{- colog (s — a)^ 
log tan ^ B = log r -|- colog (s — 6 ) , 
log tan i C = log r -j- colog (s — c) . 
By[79],- 

logr=^[log (s — a)-f-log (s — b)-\-log {s — c)-|- colog s]. 

Example I. Given a = 409, 6 = 241 , c = 182. 

s = 416 colog5 = 7.3809 

s— a= 7 log (5 — a) =0.8451 

s — 6 = 175 log (s — &)= 2.2430 

s — c = 234 log {s — c)= 2.3692 

2 I 2.8382 

logr= 1.4191 

log tan i A = 0.5740 i A = 75° 4' 

log tan ^B = 9.1761 iB = 8° 32' 

log tan i C =9.0499 i C = 6° 24' 

Note. —If the error (v. § 62) does not exceed 2^, the work is 
probably correct. 
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A =150° 8', B = 17° 4', C = 12° 48'. 
Check. A + B + C = 180°. 

The formulas used in § § 88 and 89 were selected be- 
cause they were adapted to logarithmic computation. 
It is possible^ however, to solve the problem by [69]. 

Example IL 

Given a = 17.865, 6 = 13.349, c = 11.111. 
Answers, 

A = 93° 23', B = 48° 14', C = 38° 23'. 



EXAMPLES. 



?AT 



1. 


Given A = 37° 12' 


B=i23° r 


a = .0841 solv 


2. 




A = 18° 17' 


B = 94°9' 


6 =8400 " 


3. 




B = 160° 19' 


C = 10°0' 


6 =9.006 " 


4. 




B=85°18' 


C = 4°42' 


c =1 


5. 




a =583.1 


6=503.7 


A = 78°13' " 


6. 




a =.0008 


6 =.0007 


B=40°16' " 


7. 




a =18.91 


6=9.846 


A = 9°19' " 


8. 




b =1781 


c =982.7 


B=123°16' " 


9. 




b =81.04 


c =98.76 


B=24°18' '' 


5o. 




a =78.91 


6=68.73 


C=98°17' " 


11. 




c =16.70 


a = 14.39 


B=16°16' " 


12. 




a =17.28 


6=9.861 


c =23.01 '' 


13. 




a =8.067 


6=1.76 


c =7.001 " 


14. 




a =8.981 


6=10.08 


B=120°8' " 



15. Consider each of the following triangles, and deter- 
mine whether it is possible, or impossible ; if possible, 
whether it has one, two, or more solutions. Give in full 
the reasons for your conclusions. 
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(1.) A=81° 59' Sr B = 44° 33' 12" C = 63° 27' 16". 
(2.) A=38° 36' B = 56° 27' C = 84° 12'. 

(3.) a=:121 5=115.36 B = 94^ 15'. 

(4.) A=30** 5 = 175.2 a = 150. 

5.) A=30'' 6 = 175.2 a = 87.6. 

(G.) a=34.27 6=27.34 c =62.18. 

16. Each of two ships, half a mile apart, finds the 
angles subtended by the other ship and a fort to be 
respectively 85° 15' and 83° 45' : find the distance of eacti 
from the fort. 

^^ 17. From a station, B, at the base of a mountain, its 
summit A is seen at an elevation of 60° ; after walking 
one mile towards the summit, up a plane making an angle 
of 30° with the horizon, to another station, C, tlie angle 
bCA is observed to be 135° : find the height of the moun- 
tain in 3'ards. 

^ 18. From a window m the same horizontal plane with 
the bottom of a steeple, the angle of elevation of the lop 
of the steeple is 40° ; and from another window, 18 feet 
directl}' above the former, the angle of elevation is 37° 30' : 
find the height and distance of the steeple. 
y 19. Two men standing at the same point, C, observe the 
horizontal angle subtended by the line joining two inac- 
cessible objects, A and B ; the}' then move away, one in 
the direction AC to D, the other in the direction BC to E, 
until each obser\'es the horizontal angle to be half what it 
was before : determine the distance AB when ACB = 30°, 
CD =100, CE = 200. 
^ 20. To determine the distance between two inaccessible 
objects, A and B, a person measures the distance between 
anj' two points, C and D, in the same plane with A and B : 
at C he observes the angles DCA and ACB ; and at D, 
the angles ADB and BDC : determine the distance AB 
when CD = 100 feet, DCA=40°, ACB=30°, BDC=20°, 
ADB =10°. 
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21. Given B, a, and the area: boIvc the triangle. 

22. The length of a road in which the ascent is 1 foot 
in 5, from the foot of the iiill to tlie top is a mile and two- 
thirds. ^Vhat will be the length of a zigzag road in which 
the ascent is 1 foot in 12? 

23. Given a = 24, 6 = 80, c=18 : find the area. 

24. Two angles of a triangle are 10° and 45°, and the 
included side is 10 feet : find the area. 

25. Two sides of a triangle are equal to 3 and 12, and 
the included angle is 30°: find tlie hypothenuse of an 
equivalent right isosceles triangle. 

26. Tlie diagonals of a quadrilateral are in length a and 
6, and iulersect at an angle A : prove area=^a 6 sin A. 

27. Having measured a base line of 400 yards, whose 
upper end was 24 feet higher than the lower one, in the 
same vertical plane with the top of a hill, I found the 
angles of elevation of the top of the hill from the lower 
and upper ends of the base line to be 5° 17' and 3° 17' re- 
spectively : find the height of the hill. 

28. Being at sea, we saw two headlands, of wliich one 
bore S.W. by W., and the other W. by N. The chart 
showed that the first headland bore S.E. from the second, 
and was distant from it 23.25 miles. Find our distances 
from both headlands. Ans, 18.27 miles ; 32.25 miles. 

29. Two ships sail ft-om the same port, the one S.W. 30 
miles, and the other S.E. by S. 40 miles. Find the bear 
ing and distance of the second ship from the first 

Ans. S. 74° 30' E. ; 45.08 miles. 

30. An obsen'cr from a ship saw two headlands ; the 
first bearing N.E. by E., and the second N.W. After he 
had sailed N.N.W. 10.25 miles, the first headland bore 
E. by N., and the second W.N.W. Find the bearing and 
distance of the first headland from the second. 

Ans, N. 88° 02' E., or nearly due east; 35.25 miles. 
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31. An obsen'er saw two ht-'adlands ; the first bearing 
S.E., the second E.S.E. After sailing E. b}- N. 10 miles, 
he saw the first bearing S. by E., and the second S.E. bj" 
S. Find the bearing and distance of the first headland 
fi'om the second. Ans. S.S.W. 6.89 miles. 

32. At one station the bearing of a cloud is N.N.W., 
and its angle of ele^ ation 50° 35'. At a second station, 
bearing from the first N. by E., and distant 1 mile, the 
bearing of the cloud is W. by N. Find the height of tJie 
cloud, and its distance from each station. 

Ans. 7727 feet ; 10002 feet ; 8494. 

33. lu the midst of a level plain, which is crossed by a 
straight road, stands a tower 250 feet high. An observer 
at the top of the tower sees an object which moves on the 
road. At first it bears N.N.W., and its angle of depres- 
sion is 16° 08'; five minutes later it bears E. by S., and 
its angle of depression is 32° 18'. Find the dii-ection of 
the road, its distance from the tower, and the rate at 
which the object is moving. 

Ans. S.E. ^ S. ; 250.9 feet; 2.575 miles per hour. 

34. Given: a= 12.34 chains, 6=17.97 chains, C = 
135°.04. 

To be computed : Area = 7.832 acres = 7 acres, 3 roods, 
13 rods. 

35. Giver. : a = 17.95 chains, B = 100°, C = 70°. 

To be computed : Area = 85.90 acres = 85 acres, 
3 roods, 24 rods. 

36. Given: a =: 45.56 chains, 6 = 52.98 chains, c = 
61.22 chains. 

To be computed: Area =117.3 acres = 117 acres, 
1.2 roods. 

37. Given: a =: 32.56 chains, 6 = 57.84 chains, c = 
44.44 chains. 

To be computed: Area = 71.93 acres = 71 acres, 
3 roods, 29 rods. 
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88* Prove that the results contained in [85] § 85 are 
oorrcel by tlie aid of the following principles : — 

6 sin A 



sin B = - 



1, A + B + C = 180% 



anfl, in any trtnn<;le, the greater side is opposite the 
gi cater angle. 




APPENDIX I. 



§ 1. The triangle of reference can be formed as stated 
in § 22, and also by dropping a peri^endicular from any 
point of the terminal line on the axis y't. Thus in Fig. 
2^ (§4, Ap.), we may take ocV a^ triangle of reference 
for xof', and we then have a;=cV, ynroo', r = OB' ; so 
that X is negative, and y and r positive. So for xop"', in 
the same figure, we may take x = o"'b"', y ^= oc"' 



§ 2. To find the functions ofq)±Jc 360°, where Jc is any 
integer. 

Let (p be any value of an angle xop in any quadrant 
(Fig. 2a? § 4i Ap.). If any multiple of 360° be added 
to or subtracted from (p, the result is also a value of 
the angle xop (v. § 18) ; and the triangle of reference 
for g) is also a triangle of reference for gj ± A: 360°. 
Hence the values of all the trigonometric functions arc 
the same, both in numerical value and in sign, for gj and 
qi ±k 360°, that is, for any value of an angle xop. 

This property of the trigonometric functions is some- 
times expressed by saying that thej' are periodic functions, 
admitting the period 360°, or 2 tc. We shall see presently, 
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that the tangent and cotangent admit the simpler period, 
180°, or;r. 



§ 3. To find the functions of — qp. 
Let qp be any value of an angle in any quadrant, as xop, 

xop', xop", or xop"' 
(Fig. U). Then will 
— qp be a value of the 
angle xop'", xop", 
xop', or xop. From 
an}' point of the 
terminal line of qp, as 
B, b', b", or b'", drop 
a perpendicular on 
the initial line, and 
produce it to meet the 
terminal line of — ap 
at b'", b", b', or b. 
We thus form tri- 
P V Np'" angles of reference 

for g) and — g) ; and, in the two triangles thus formed, 
the bases and hypothenuses are equal in numerical value 
and in sign, while the perpendiculars are numerically 
equal, but opposite in sign. Hence all the trigonometric 
functions of qp and — qp are numericallj' equal ; but those 
functions into which the perpendicular enters are opposite 
in sign. That is, 

sin ( — qp) = — sin qp, esc ( — qp) = — esc qp, 

cos ( — qp) = cos qp, sec ( — qp) = sec qp, > [1a] 

tan ( — qp) = — tan qp, ctn ( — qp) = — ctn qp. 




§ 4. To find the functions of 90° + qp. 
Let qp be any value of an angle in any quadrant, as 
XOP, xop', xop", or xop"', in Fig. 2^, where pop', p'op", 
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p"op'", and p'"op are positive right angles. If 90° be 

added to any of 
these angles, it is 
converted into the 
next following angle 
of the series ; and 
its triangle of ref- 
erence is turned 
through a positive 
right angle (v. § 1, 
Ap.) . Now, b}' vir- 
tue of ttiis rotation, 
the base of the tri- 
angle of reference 
of qi becomes the 
perpendicular of the 
triangle of reference of 90°-}-(jd, and does not change its 
sign ; but the perpendicular of the triangle of qp becomes 
the base of the triangle of 90° -f- qp, and is reversed in 
sign; while the hj'pothenuse remains unchanged. That 
is, DC becomes oc', cV becomes c"b", &c., cb becomes 
c'b', oo' becomes oo", &c. ; or we may write — 

base = perp' = — base" = — perp"' = base^, 
perp = — base' = — perp" = base'" = perp^. 

Hence, for each value of gp, — 

sin CD = \—- becomes -^ = — cos (90° + qp) ; 

nyp hjT 




cosqp = 



becomes 



perp 



^y? 



:sin (90°4-qp), &c- 



hyp 

Thus we have, — 
«in (90°-|- qp) = cos qp, esc (90°-|- qp) = sec qp, 
cos(90°4-<p) = — sinqp, sec (90°-|-qp) = — cscq&, 
tan(90°4-g>)= — ctnqp, ctn(90°-f-qp) =— tanqp. 



[2a] 
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§ 5. To find the functions of 90"* — 9 and 9 — 90^ 

Since formulas [2^] are true for any angle qp> we may 
Bubstitute — g) for qp in those formulas. 



Thus we have, by [1a] » 

sin (90** — qp) = cos ( — gi) = cos qp, 
cos (90"* — <J^) = — sin ( — 9>) = sin qp, 
tan (90°— qp) =— ctn (— qp) = ctn qp, 
ctn (90°— qp) =— tan (— q)) = tan g, 
sec (90° — qp) = — esc ( — qp) = esc qp, 
CSC (90° — qp) = see ( — qp) = sec qp. 



[3a] 



Again : putting 90° — qp for (p in [1a]» or ? — 90° for 
— qp, we have, — 



sin (qt — 90°) = — cos qp, 
cos (qp — 90°) = sin qr, 
tan (qp — 90°) = — ctn g), 
ctn(qp — 90°)= — tang), ' 
sec (qp — 90°) = esc gj, 
esc (qp — 90°) = — sec qp. 



C4a] 



The angles qf and 90° — qp are complements of each 
other: therefore, from [3a] » we see that 

The cos of any angle is its complement's sin^ 
The esc of any angle is its complement's seCy 
The ctn of any angle is its complement's tan. 



§ 6. To find the functions of Jc 90° ± qp, vfhen k is any 
integer J positive or negative. 

The solution of this problem requires only the repeated 
use of [2^], [8a], and [4^]. 
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Thus, putting 90° + 9^ ^^ gp, in [2^], we have, — 

sin (180°+ g)) = cos (90° + gp) = — sin gp, 

cos (180°+ gp) = — sin (90° + gp) = — cos g», [5 J 

tan (180°+ (f)= — ctn (90° + 9) = tan q>. J 

and the reciprocals of these results are the esc, sec, and 
ctn of (180° + gp). We see by these formulas, that the 
tangent and cotangent admit the period 180°, or n (v. § 2, 

Ap.). 

Putting 180° + gp for gp, in [2^], we have again, by 

[5a],- 

sin (270° + gp) = cos (180° + gp) = — cos gp, 

cos (270° + gp) = — sin (180° + gp) = sin 9, . [6 J 

tan (270° + gj) = — ctn (180° + gp) = — ctn (p. 

Putting 270° + gp for gp, in [2^], we have the functions 
of 360° + gp, which we have already shown, in § 2 Ap., 
to be equal to the functions of gp. 

Putting 90° — gp for gp, in [2^], we have, by [3^], — 

sin (180° — gp) = cos (90° — gp) = sin gp, 

cos (180° — gp)= — sin(90°— gp)= — cosgj, • [7^] 

tan (180° — gj) = — ctn (90° — gp) = — tan gp. J 

Putting 180° — gp for g), in [2 J, we have by [7^^], — 

sin (270° — <p)= cos (1#0° — gj) = — cos gj, 

cos (270° — g)) = — sin (180° —(p)= — sin gj, ► [8^] 

tan (270° — qi)= — ctn (180° — g)) = ctn g;. j 

Putting 270° — g) for gp, in [2^], we have the functions 
of 360° — gp, which, by § 2, Ap., are equal to the func- 
tions of — gp. 

Putting gp — 90° for gp, in [4^], we have, — 

sin (g> — 180°) = — cos (g) — 90°) = — sin g), 

cos (g) — 180°) = sin (g) — 90°) = — cos g), [ [9 J 

tan ('p ^ 180°) = — ctn (gj — 90°) = tan (p. 
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Putting 9 — ISO** for 9, in [4^], we have, by [9 J, — 

Min (qp — 270°) = — cos (9 — 180°) = cos 9, 

COS (9 — 270°) = sin (9 — 180°) = — sin 9, [10^ 

tan (9 — 270°) = — ctn (9 — 180°) = — ctn 9. J 

Putting 9 — 270° for 9, in [4^], we have the functions 
of 9 — 860°, wliich, b}' § 2 Ap., are equal to those of 9. 

The student should now read the remarks at the end of 
188. 



APPENDIX 11. 

COLLECTION OF FORMULAS. 

AND OTUEB USEFUL HATTER, FOB EAST BEFEBEKGK. 



S & Circ. meas. of angle =~. 







§9. 






s 


510. 


1 


§9l 





1°= 



180 



: 0.01745329 



1'= ^ =0.00029089 
60 

1"= ir =0.00000485 
60 

360°=2^r 

180°= n 

90° = i;r 

45°=i;r 

57°.2957795 = angular unit 

a;X57°.296.. = a? 

aj° = a? X 0.01745... 

§16. XOP = XOB + BOT + YOP. 

!ia AOB = 9±A;860°. 
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124. 



§25. 



§26. 



§27. 



§2a 



CB 

OB 
OC 
OB 
CB 
00 
OO 
OB 
OB 
OO 
OB 
CB 



y 

r 

X 

r 

y 

X 
X 

y 

r 

X 

r 



perpendicular 
hj-pothenuse 

base 
hj-pothenuse 
perpendicular 

base 

base 
perpendicular 
hj-pothenuse 

base 
hypothenuse 



Ib called cbe abbterlated bitf 

sine of g) 



cosine of 9 
tangent of gi 
cotangent of 9 
secant of 9 



sin 9 
cos 9 
tan 9 
ctn 9 
sec 9 



cosecant of 9 esc 9 



y perpendicular 
In addition to the above 

1 — cos 9 versed sine of 9 



vers 9 



9 


sin 


cos 


tan 


ctn 


sec 


CSC 


1st quad 


+ 


+ 


+ 


+ 


+ 


+ 


2d quad 


+ 


— 


— 


— 


— 


+ 


3d quad 


— 


— 


+ 


+ 


— 


— 


4tli quad 


— 


+ 


— 


— 


+ 


— 



1 1^1 

sing» = , cos<r-= , tan9 = -- — , 

^ CSC 9 ^ sec 9 ^ ctn 9 

csc9 = -T — , sec 9= , ctn 9 = 



sin 9 

cos 9 

cos 9 

sin 9 



sin9 
tan 9 
ctn 9 



COS9 



"tan9' . 



sin*9-f-cos*9 = l 
sec*9 = l + tan*9 

CSC • (f =rr 1 4- ctn •<p 



[1] 

[2] 

[8] 

W 
[5] 

m 
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S3(X sin g) = ^ chord 29 

sin ((p ±k 860"*; = sin 9 ) 
cos (g»± A; 360**)= cos 9 J 
sin (180** — 9) = sin g? ) 
cos (180° — 9) = — cos qp J 

sin (180°-f g»)= — sing)) 
cos (180** -j- 9) = — cos g) ^ 

sin (SCO** — g?) = sin (— cp) = ~ sin tp ) 
cos (3G0** — 9) = cos ( — g)) = cos 9 J 

sin (90° — g?) = cos g) j 
cos (90° 



131. 



<32. 



{sin (90° — g)) = cos g) ) 
cos (90° — 9) = sin g) J 



§3a 



S3Z 



CSC (90° — g») = sec g» 
sec (90° — g») = CSC 9 
tan (90°— g)) =ctn9 
ctn (90°— 9) =tang) 

sin ( 90°-|-g») = cosgj) 
cos ( 90° -j- g?) = — sin g) ^ 



[7] 

[8] 

P] 

[10] 

[in 

[12] 

[12J 

[13] 
[14] 
[15] 



S33. 



sin (270° — 9) = — cos 9 ) 
cos (270° — 9) = — sin 9 J 
sin (270° + 9) = — cos 9 ) 
cos (270° -j- 9) = sin 9 J 

Formulas 8-15 are easily remembered, if we note 
that when 9 is coupled with 0°, 180°, or k 860°, 
the functions of the angles thus formed, and those 
of 9, are numerically the same; while when 9 is 
coupled with 90°, or 270°, the functions of the 
angles thus formed, and those of 9, are numerically 
complementary. 

The algebraic sign is determined in each case by 
supposing 9 to be acute, and then noticing to what 
quadrant the resulting angle belongs. 



APPENDIX II. 



105 



S43. 



Angle 


sin 


COB 


tan 


otn 


aeo 


1 
C80 


0° 





1 





00 


1 


00 


30° 


i 


iV3 


Vi" 


V3 


2Vj 


2 


45" 


Vi 


Vi 


1 


1 


V2 


V2 


60° 


iV3 


* 


Vs 


v* 


2 


2Vi 


90° 


1 





00 





00 


1 


120° 


iVs 


-i 


-Vs 


-Vi 


— 2 


2Vi 


135° 


Vi 


-Vi 


— 1 


— 1 


-V2 


V2 


150° 


i 


-iVs 


-v^ 


-V3 


-2Vi 


2 


180° 





—1 





00 


— 1 


00 


270° 


— 1 





00 





00 


— 1 


360° 





1 





00 


1 


00 
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Bin. 


COS. 


tan. 


ctn. 


sec. 


C8C 


0° 


TO 


+'1 


TO 


Too 


+ 1 


Too 


Ist qu. 


inc. 


dec. 


inc. 


dec 


inc. 


dec 


90° 


+ 1 


±0 


±00 


±0 


±00 


+ 1 


2dqa. 


dec 


dec 


inc. 


dec 


inc. 


Inc 


180° 


± 


— 1 


TO 


Too 


— 1 


±00 


3dqa. 


dec. 


inc. 


inc. 


dec 


dec 


inc 


270° 


— 1 


TO 


±00 


±0 


qiQO 


— 1 


4th qu. 


inc. 


inc. 


Inc. 


dec. 


dec. 


dec 


860° 


TO 


+ 1 


TO 


Too 


+ 1 


T» 



[17] 



§46 



sin (a ± ^) = sin a cos /} ± cos a sin § [18] 

,C08(a± ^)=cosaco8j1 T sin asin^ [19] 
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§4a 



§49. 



tou. 



^ . . „ tan«± tanfl 
^ / . /5\ ctn « ctn 5 qp 1 

sin (a + (5) tan a + tan ^ ctn (3 -f- ctn a 

sin (a — (i) tan a — tan ^ ctn ^ — ctn a 

cos (« 4" ^) 1 — ^*^^ « t^^ j^ ctnp — tana 

cos (a — (i) 1 -f- tan a tan (i ctn^^l^- 1« n a 
sin (a + ^) sin (a — /3) =8in*a — sin'/3 ) 

= cos*^ — cos^a ^ 
cos (a-f-i^) cos (a — 13) =cos*a — sin*^ ) 

= co8*^ — sin'a ) 

sin 2 a = 2 sin a cos a 

cos2a = cos^a — sin* a (I.) 
= 2cos«a — 1 (n.) 
= 1 — 2sin«a (III.) 



tan2a = 



ctn 2 a = 



2 tana 
1 — tan* a 

ctn^g — 1 
2 ctn a 



§51. 



sin - = Vj (1 — co8«) 

cos 2 = V^ (1 4-cosa) 

a II — cos a 

tan-= h—j 

2 ^ 1 + cos a 



ctn 



2""\1 — 



cos« 
COS a 



[20] 
[21] 

[22] 
[23] 
[24] 
[25] 
[26] 

[27] 

[28] 
[29] 

[80] 
[31] 
[32] 
[88] 
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{52. 



ctn2a=^(ctna — tana) 
CSC 2 a = ^ (tan a + ctn a) 
tan ^ a = CSC a — ctn a 
ctn J a = CSC a -}- ctn a = ■ 



§53. 



§54 
§55. 

§56. 



CSC a — ctn a 
tan (45° -\' ^ a) = sec a -^ tan a. 

tan (45° — i «) = ctn (45° + i a) 

1 



= sec a — tan a = 



sec a + tan a 



sin (a + j5)+8in (« — ?) =2 sin acosjS 
sin (a + i3) — sin (a — j3) = 2 cos a sin jS 
cos(a-|-|^)+^s (« — ^) =2 cos a cos j3 
cos (a — ^) — cos (a -|- /3) = 2 sin a sin jS 
sina + sinjS = 2 sin J (a + i^) ^os^ (a — 
sin a — sin |3 = 2 cos i (« + ^) sin ^ (a — 
cos a + cos p= 2 cos i (a + i?) cos ^ (a — 
cos^ — cosa = 2 sin^ (« + i5) s^^ i (^ — 

sin a-|" si^ 1^ ^^" i ('^ + 1^) 

sin a — sin^ tan^ (a — 13) 

cos a — cos jS 



cos a -|- cos |3 

sin a ± sin ^ 

cosa + cos|3 

sin « y sin ^ 

cos^ — cos a 

sin a<i a<Z tan a 

cosa> 1 — Ja* 

sina>a — Ja* 
0O8a<l — ia*+ A «* 



-tan J (a+j3) tanJ(a- 
tan i (a ± ^) 
ctn i (a ± 13) 



[34] 
[35] 
[36] 
[37] 
[38] 

[39] 

[40] 
[41] 
[42] 
[43] 
13) [44] 

?) [45] 
13) [46] 
^) [47] 

[48] 

?) [49] 

ISO] 

[51] 

[52] 
[59] 

[68] 
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§72: 

S73. 
§74. 

S7& 
§76. 

§77. 

§78. 
§79. 
§80. 
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b='S/'(e-\-a) (c— a) 
a=V(c+b) (c— 6) 



sin 



i'^'^'ir' '^*»=4 



[ c — g 
2c 



sin A sinB sinC 

a+6_ taunA + B) 
a — 6""tani(A — B) 

•a« = &« + c« — 2&CC08A 
d" = m*4-*** + 2 m n cos to 

♦ a = 6 cos C + c cos B 

* ' ^ « (a — o) 

•K=i6csinA 

^ -J. , a ' sin B sin C 

K=Vs (s — a)(s — 6)(s— c) 
K = »r 
^^K^ | (»-a)(«-&)(»-c) 

r = a ton ^ A tan | B tan ^ C 

*taniA=— ^ 
■ 8 — a 



[65] 
[66] 

[67] 

[68] 

[69] 

[70] 

[71] 
[72] 

[73] 

[74] 

[75] 
[76] 
[77] 
[78] 

[79] 
[80] 
[81] 
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185. 
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n, 


% /v> 


a sin 6 sin C 


2K 
a 




Pa 


""~ 


sin A 




•R = 


= J a C8C A 






R = 


abe 
4K 
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__ ^ a sin D Bin V 2 li. rooT 

[88] 
[84] 

Given A, a, 6 

AOO** 
Two solutions when a < 6, and a > & sin A 
One solution when a = &, or a > 6, or a =:: .^ sin A 
No solution when a < & sin A 

A = 90°, or A>90*' 
Two solutions never 
No solution when a < &, or a =s k 

* t?. note, p. 80. 



ANSWERS. 



Page 40, Chap. II. 

26. SinA= l-f=|!,co8B=^ 1^. 
\ 1 — n^ m\ 1 — n* 

j^. 2 sin 6 cos ^ = 0; .-. ^=0° or 90^ 

Page 41, Chap. II. 
j^<?. 60^. ;^P. 60^. 5i.— 3.078. 5^.-0.875. S6.<». 

Page 51, Chap. III. 

o Qi«i^o V2 — V3 -.o V2 + V3 
%. bin 15'^ = —51 — , cos 15= — 1^ . 

6. 3 sin A — 4 sin* A. 7. 4 cos* A — 3 cos A. 

10. 0°. 11, 30°. 13. —2m^\ — m\ 

U. Sin2^ = — i; .-.^ = —15^ 16. ^ = 30°. 

Page 52, Chap. IH. 
25. 120°. 26. 45°. £8. a. 

Page 53, Chap. III. 

40. Sini A=— Vx (l+Vl— sin^A). 

^«^. + 90° and — 90°. 





ANSWERS. 


ii: 


Page 69, Chap. V. 




1. B = 47°82', 


= 0.5688, 


6 = 0.6213. 


2. A=38''35', 


a = 0.2804, 


6=0.3515. 


S. B = 67°01', 


6 = 2321, 


c = 2521. 


i. B = 10°47', 


o= 36.34, 


c = 35.98. 


5. A= 3° 42', 


6=479.4, 


= 480.4. 


6. A = 67° 01', 


o=2321, 


c=2521. 


7. A = 41° 06', 


B = 48°54', 


a = 48.00. 


8. A = 27° 15', 


B=62°45', 


o = 4.123. 


9. A =83° 44', 


B= 6° 16', 


6 = 109.7. 


10. A =11° 24', 


B=78°36', 


6 = 84.30. 


11. A= 5° 20'.6, 


B=84°39'.4, 


c = 1.074. 


12. A = 50° 32', 


B = 39°28', 


c = 352.4. 


IS. 36°, 54°, 1.191 


, 0.9634. 




U- 61° 08', 28° 57', 


V15 

8 • 




15. SinB=co8A: 


P ap 


o» 


-o'^^^Va'— p«' 


"--Va'-i,' 


18. 100 ft., 70.7 ft. 


; from each other 36.6 ft. 


Page 70, Chap. V. 




m. 88.22 yds. 






22. 150 ft. 








I o ir 


4- K 


2i. a = V2KtanA,6 = J^^,c = 


rr XV 


>jsin2A* 


o = 15.86, 6 = 


19.98,0 = 25.51. 




(E stands for the area.) 





4' 



236.6. ft. 

Page 92, Chap. VI. 
C = 19M1', 6 = 0.1166, c= 0.04686. 
C = 67°34', a=2643, c=7784. . ^ ..c 

A= r 41', a= 4497,*"^ c = 4.6435, 0.^ "^'^ ^^ 
A = 90° 00', a= 12.20, 6 = 12.16. 
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»5. B = 57°44', 


C = 44°03', 


c = 414.2. 


6. A = 47" 38', 


C=92°06', 


= 0.001082; 


or A = 132° 22', 


C= 7°22', 


c= 0.0001389. 


7. B = 4° 5(y, 


C=165°51', 


c= 28.56. 


8. C = 27° 29', 


A =29° 15,' 


0=1041. 


9. C=30°05', 


A= 125° 37', 


0=160.2; 


or C = 149° 55', 


A= 5° 47', 


o= 19.85. 


JO. A = 44° 16'.5, 


B = 37°26'.5, 


c= 111.9. 


n. C = 109°20', 


A =54° 24', 


b= 4.957. 


12. A = 43° 42', 


B = 23°14', 


C=113°04'. 


13. A = 121° 43', 


B = 10° 41', 


C = 47°34'. 


U. A = 50° 25', 


C= 9° 27', 


c= 1.913. 



Page 93, Chap. VI. 
16. 2.605 miles, 2.612 miles. 17. 4164. 

18. 210.5 ft., 250.8 ft 19. 123.9. 

m 60.08 ft. when C is next A, and 29.13 ft. when it is 
next B. 



Page 94, Chap. VI. 



SI. c = 



2K 



^=r ; the other parts by Case III. 

a sin B ^ '^ 

22. 3.936 miles. 

28. 216. 2i. 7.49. 26. 6. 27. 244.8 ft. 
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PREFACE. 



I HAVE endeavored to prepare a text-book of Spheri- 
cal Trigonometry for the use of schools and colleges 
vrhich, while brief and simple, shall yet be thorough, 
and suggestive both of the theoretical and of the prac- 
tical bearings of the subject. 

I have given such applications to Geometry and As- 
tronomy, and such problems involving these applica- 
tions, as will interest the student and show him that 
Spherical Trigonometry is not a mere mass of mean- 
ingless formulas, but an easy means of solving many 
practical problems of great importance. 

H. N. W. 

Cambridge, Mass., September 15, 1878. 
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INTRODUCTION. 

§ 1. Spherical Trigonometry is the application of Goni- 
ometry or Angular Analysis to Spherical Geometry; it 
treats principally of the solution of spherical triangles. 

§ 2. We will first recall a few principles of Geometry 
which will be needed in our discussion. 

a. A line which is perpendicular to a plane is perpen- 
dicular to every line through its foot in the plane. 

h. A plane which is perpendicular to a line is perpen- 
dicular to every plane which contains the line. 

c. If two planes are each perpendicular to a third plane, 
their line of intersection is also perpendicular to the third 
plane. 

d. The measure of the angle between two planes is the 
angle between two straight lines drawn one in each plane, 
and perpendicular to the intersection of the planes at the 
same point. 

e. The angle between two arcs of great circles on the 
same sphere is measured by the angle between their planes, 
or by the angle between the tangents to the arcs at their 
point of intersection, or by the arc of a great circle de- 
scribed from the vertex of the given angle as a pole and 
intercepted between its sides. 

/. The sides and angles of any spherical triangle are 
respectively the supplements of the angles and sides of its 
polar triangle. 
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g, Wlien in any spherical triangle two angles are equal, 
the sides op|>osite these angles are also equal. The con- 
verse of this is also true. 

A. The arc of a great circle drawn through the vertex 
of an iHosceles triangle and perpendicular to the base bi- 
sects both the base and the angle at the vertex. 

In every spherical triangle : 

1. The greater side is opposite the greater angle, and 
conversely. 

j. Each side is less than the sum of the other two. 

ib. The sum of the sides is less than 360^. 

h The sum of the angles is greater than 180°. 
m. Each angle is greater than the difference between 
180® and the sum of the other two angles. 

n, A side which differs more from 90° than another 
Bide is in the same quadrant as its opposite angle. 

o. An angle which differs more from 90° than another 
angle is in the same quadrant as its opposite side. 

§ 3. The solution of all spherical triangles may be made 
to depend upon the solution of those each of whose sides 
and angles is less than 180° ; we shall therefore discuss 
only the latter class of triangles. 

§ 4. It has been shown in spherical geometry that in 
general it is possible to construct a spherical triangle when 
any three of its parts are given (not excluding the case 
where the given parts are the three angles). We shall 
show in what follows, that in general it is also possible 
to solve a spherical triangle from the above data. In the 
selection of formulas we shall be governed by the princi- 
ples laid down in Sections 63 and 64 of the Plane Trigo- 
nometry. 
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§ 5. Two methods of discussing our subject are open 
to us : we can either first deduce formulas which are true 
for all spherical triangles, and then by substituting in these 
90° for one of the angles obtain formulas true for spher- 
ical right triangles only ; or we can first deduce formulas 
applicable to right triangles only, and then by the aid of 
these obtain the general formulas. The latter method is 
the simpler, and will be adopted in this work. 



CHAPTER L 



SPHERICAL RIGHT TRIANGLES. 



§ 6. In Spherical as in Plane Trigonometry a triangle 
is solved by the aid of formulas expressing relations be- 
tween its sides and angles, and such formulas we shall 
proceed to establish, limiting our investigation at present 
to the case of right triangles. 

It is shown in spherical geometry that the sides and 
angles of any spherical triangle are measured by the face 
and diedral angles respectively of the spherical pyramid of 
which the triangle in question is the base, and the relations 
between the parts of a spherical triangle can be most easily 
studied by the aid of the corresponding pyramid. 

Suppose the spherical triangle ABC (Fig. 1) to be right 
angled at c ; through a, b, 
and c draw the spherical 
radii AO, BO, and CO ; a, ^, 
and c are then the measures 
of the angles BOC, COA, and 
AOB respectively ; through 
L, any point of bo, pass a 
plane perpendicular to bo, 
and therefore to the planes 
BOC and boa (v. §26); 
this plane lmn cuts the 
planes boc and boa in lines 
LN and LM, which are perpendicular to lo (v, § 2 a), and 
cuts the plane coA in nm ; now the planes mnl and coA 



FIG. I. 
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being Bach perpendicular to the plane boc, their line of 
intersection nm is also perpendicular to this plane boc 
(y, § 2 c), and therefore to the lines nl and no {v, § 2 a). 
The angle mln is the measure of the angle between the 
planes boc and boa (v. § 2 d), and therefore of the angle 
B (i;. § 2 e). We have formed then the four triangles of 
reference : 

LNM right angled at n for B [=mln], 

OLN " « « L " a [=BOC], 

OLM " " « L " C [=B0A], 

ONM « " « N " h [=C0A]. 

We see that these triangles have certain sides in com- 
mon^ a property of which we shall now take advantage. 

OL ON cos a - -^ - 

cos c = = = cos a cos ft ; [1 1 

CM ON 7 u J 



cos h 



. ^ NM OM sm h sin h --.^ 

8inB = = : — =:- — ; [2] 

LM OM sm c sm c 

_ LN OL tan a tan a p^^ 

cosB = = 7 = 7 ; [3] 

LM OL tan c tan c 

^ NM ON tan ft tan ft p.-, 

tanB = = -, =- [4] 

LN ON sm a sm a 

It is easy to see that the corresponding formulas for A 
are those which we obtain by substituting in [2], [3], and 
[4], A and a in place of B and ft, respectively. 

Corollary I. We learn from [1] that when cos a- 
and cos ft have the same sign cos c is positive, and that 
when they have opposite signs cos c is negative ; c then is 
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acute when a and h are in the same quadrant, and obtuse 
when they are in different quadrants. 

Corollary II. Since each part is less than 180° (§ 3) 
sin a is always positive ; we see from [4] then that tan B 
and tan h always have the same sign, i. e. an oblique angle 
and its opposite side are in the same quadrant, 

§ 7. We can deduce no more formulas from our figure ; 
we can however obtain two new relations by combining 
certain of the formulas already found. From [3] and [2] 
we have : 

cos B tan a sin c cos c ,. p... , 

—. — T- = T X-^ = = (from [1]) cos 6; 

sm A tan c sm a cosa ^ *■ "^ 

cos B cos A p^-, 

.*. cos^=-; — T-orcosa = -: — =r-* loj 

sin A sin i> 

From [1] and [5] we have 

cos A cos B 
cos c = cos a cos b = — — =r X -: — r 5 
sm B sm A 

. • . cos c = ctn A ctn B. [6] 

Napier's Eules. 

§ 8. The formulas thus far obtained are comprised in 

piQ, 2. ^^^ rules, called, from the name of 

their inventor, iVaj^zer'^-BwZes, which, 

though artificial, are very generally 

if^ employed as aids to the memory. In 

these rules the complements of the 

hypothenuse (c) and of the oblique 

angles (A) and (B) are to be used, 

and the right angle is to be neglected ; there are then five 

parts which follow one another in the order indicated in the 
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margin. To each part there are two adjacent and two 
opposite parts. 

The rules are as follows : 

(1.) The sine of any part is equal to the prodttct of the 
{i)angents of the {a)djacent parts, 

(2.) The sine of any part is equal to the product of the 
{c)osines oftlie (o)pposite parts. 

In the above rules the letters (t), (a), (c), and (o), were 
put in parenthesis in order to assist the memory ; thus, (t) 
and (a) stand for the (t){a)ngents of the adjacent parts, 
and (c) and (o) for the {c){o)sines of the opposite parts. 

The proof of the correctness of these rules lies in the 
fact that the formulas obtained by them are the same as 
those obtained in the previous sections. 

§ 9. We will now show that the six formulas which we 
have deduced enable us to solve all the cases of spherical 
right triangles which can arise; i.e. all cases in which two 
parts in addition to the right angle are given , let us first 
see how many such cases there are. Leaving out the right 
angle, the number of combinations that can be made out of 

the five remaining parts, taking two at a time, is =10; 

they are the following : (1) a h^ (2) a c, (3) a A, (4) a B, 
(5) h c, (6) h B, (7) h A, (8) c A, (9) c B, (10) A B. These 
ten combinations, however, represent only six distinct cases ; 
for (2) and (5) form only one distinct case, since in each 
the hypothenuse and an adjacent leg are given, and simi- 
larly from (3) and (6), (4) and (7), (8) and (9), we get 
only three distinct cases. We have then in all only six 
distinct cases, and they are the following : 

Case I. Given the two legs, a and 5. 
Case II. Given the hypothenuse and an adjacent leg, 
e and a, or c and h. 
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Case III. Given a leg and an adjacent angle^ a and B, 
or h and A. 

Case IV. Given a leg and the opposite angle, a and A, 
or h and B. 

Case Y. Given the hypothenuse and an adjacent angle, 
c and A, or c and B. 

Case VI. Given the two oblique angles, A and B. 

§ 10. Collecting our formulas into the following table, 
we see at a glance that when in addition to the right angle 
two parts are known, a function of each remaining part 
can be directly obtained ; i. e. that each of the cases of § 9 
can be solved. 



Given 



Case I. 
a and h. 

Case II. 
a and c. 

Case III. 
a and B. 



Case IV. 
a and A. 

Case V. 
candA. 

Case VI. 
A and B. 



S(mght 



cos c = co8 a cos h, tan A = 



cos ^ = 



cos c 



cos a 



sin A = 



tan a , ^ tan b 

—. — -, tanB = -: 

sin b sin a 



sm a ^ tan a 

-: , COS B = • 

sm c tan c 



COS A = cos a sin B, tan b = sin a tan B, 

tana 
tan (j = - 



sinB= 



cosB 
cos A 



sin b = 



ctn B= cos c tan A, tan b = 
sin a ^ sin c sin A. 

cos A - 

cos a = — — =c- , cos b : 
sm B 

cos c = ctn A ctn B, 



tan a . sin a 

T-,sinc = -v— r- 

tan A smA 

tan c cos A, 

cos B 
sin A ' 
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The computed values of the required parts should satisfy 
the following formulas^ which may be used to test the ac- 
curacy of the solution. 

Case I. cos c = ctn A ctn B. 

cos B 
Case II. cos a = -; — r- - 
sm A 

Case III. tan b = tan c cos A. 
Case IV. sin 5 = sin c sin B. 

CaseV. tanB = ^. 
sin a 

Case VI. cos c = cos a cos b. 

Formulas used in this way are ordinarily called check 
formulas. 

DISCUSSION OF THE DIFFERENT CASES. 

§ 11. Case I. Given a and b. Each part being less 
than 180°, each required part is completely determined by 
the formulas given in the table. 

When a = 90° then c = A = 90° and B = 5. 
Whena = «^ = 90° then c = A = B=90°. 

Example I. Givm a = 22"" 15', b = 51° 53'. 

log cos a = 9.9664 log tan a = 9.6118 log tan b = 0.1054 

log cos b = 9.7905 log sin b = 9.8958 log sin a = 9.5783 

log cos c = 9.7569 log tan A = 9.7160 log tan B = 0.5271 

c = 55° 09' A = 27° 28' B = 73° 2? 

Check, log ctn A = 0.2840 

log ctn B = 9.4729 

9.7569 

log cose = 9.7569 
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When cos c is nearly equal to unity c is small, and can- 
not therefore he determined with accuracy from its cosine 
(v. § 62, Plane Trig). In this case B can he found first, 
and then c can he found with accuracy hy the last formula 
of the tahle under Case IIL 

Example IL Given a = 178° 12', 6 = 2° 25'. 
Compute c = 176° 69', A = 143° 18', B = 63° 2(y. 

§ 12. Case II. Given a and c b and B are completely 
determined hy the formulas in the tahle ; hut A is to he 
found from its sine, and corresponding to the same sine 
there are two supplementary angles; only one of these, 
however, will satisfy our triangle, namely, that one which 
lies in the same quadrant as a (v, § 6, Cor. II.). 

When a=:c = 90° then A =90°, b and B are indeter- 
minate, i. e. there is an infinite numher of triangles, each 
of which will satisfy the data. . 

When c = 90° and a is not 90°, then 6 = B = 90° and 
A = a. 

The triangle is impossible when c differs more from 90° 
than a. 

When a = c and is not 90° the triangle becomes a single 
line equal to a or c. 

Example I. Given a = 132° 14', c = 97° 13'. 

Compute b = 79° 14'.5, A = 131° 44', B = 81° 59'. 

The following example will illustrate the uncertainty 
which may arise when an angle near 0° or 180° is found 
from its cosine, and when an angle near 90° or 270° is 
found from its sine. 
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ExampU II. Givm c = 37° 42', a = 37° 40'. 

log cos c = 9.8983 log sin a = 9.7861 log tan a = 9.8876 
log cos a = 98985 log sin c = 9.7864 log tan c == 9.8881 

log cos 5 = 9.9998 log sin A = 9.9997 log cos B = 9.9995 

Check, log cos B = 9. 9995 We see from our four-place 

log sin A = 9.9997 table that every angle be- 

9.9998 tween 1° 30'.3 and 1° 56'.6 

log cos h = 9.9998 ^^^ » log cos = 9.9998 * 

,*, b may have any value between 1° 30'.3 and 1° 56^6, 
and likewise B " " « 2° 36'.5 « 2° 53', 

and A " « " 87° 42' « 88° 03'. 

We will now deduce three formulas which may be used 
to advantage when, as in the last example, accurate results 
cannot be obtained by the general method. 

cos b =■ or cos ft : 1 = cos c : cos a ; therefore, by the 

cos a 

theory of proportions, 

1 — cos 5 __ cos d — cos c ^ 
1 + cos b " cos a + cos c ' 

.-.by [32] and [49], Plane Trig., 

tan^ I = tan J (a + c) tan \(c— a). [7] a 

sm A = — — or sm A : 1 = sin a : sin c ; 
sin c 

1 — sin A __ sin c — sin a ^ 

' * 1 + sin A sin c + sin a ' 

1 — cos (90 — A) _ sin c — sin a 

' 1 + cos (90 — A) "~ sin c -h sin a 

* The differences between the logarithms of the cosines of angles 
between 1° 30'. 3 and 1" 66'. 6 are so small that they do not appear in a 
four-place table. 
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. • . by [32] and [48], Plane Trig., 

tan« (46^- J A) = tan J (c-a) ctn J (c + a). [7] h 

tan a 

cos B = or cos B : 1 = tan a : tan c ; 

tan c ' 

1 — cos B tan c — tan a sin c cos a — cos c sin a 

1 -h cos B "" tan c + tan a *~ sin c cos a + cos c sin a ' 

.-.by [32] and [18], Plane Trig., 

tan* i B = sin (c — a) -J- sin (c + a). [7] c 

We will now work Example II. by the new formulas 
just obtained. 

c = 37*'42' a = 37°40' 

c-ha = 75°22' c-a= 0° 02' 

Hc+fl) = 37°41' 1^(c-a)=z 0°01' 

log tan J (c + a) = 9.8879 log ctn J (c + a) = 0.1121 

log tan J (c - a) = 6.4637 log tan J (c~ a) = 6.4637 

2) 6.3516 2) 6.5758 
log tan J 5 = 8.1758 log tan (46 - i A) = 8.2879 



^5 = 0°61'.5 
ft = r 43' 
log sin (c — a) = 6.7648 
log sin (c -h a) = 9.9857 
2)"6!7791 
log tan J B = 8.3896 
JB = r24'.3 
B = 2M8'.6 



46°-^ A= r06'.7 

90°- A = 2°13'.4 

A = 87°46'.6 

Check. 
log cos B = 9.9995 
log sin A = 9.9997 
9.9998 
log cos b = 9S 
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§ 13. Case III. Given a and B. Each part is com- 
pletely determined by the formulas in the table. 
Whena = B = 90° then A=:^> = c = 90°. 

Example. Given a = 88° 05', B = 38° 20'. 
Compute c = 88° 30', A = 88° 49', h = 38^* 19^. 
What other method for finding A may be used to ad- 
vantage when cos A is nearly equal to 1 ? 

§ 14. Case IV. Given a and A. Each required part 
is to be obtained from its sine, to wjiich may belone both 
an acute and an obtuse value ; from this it would appear 
that there are eight different triangles corresponding to 
the given values of a and A ; b and B must however lie in 
the same quadrant (§ 6, Cor. II.) ; and from § 6, Cor. I., we 
see that, a being given, c can have only one value when b 
is acute, and only one value also when b is obtuse ; there 
are therefore only two possible sets of values for the re- 
quired parts ^, B, and c : i. e. (1) b acute, B acute, c in 
same quadrant as a ; (2) ^ obtuse, B obtuse, c in different 
quadrant from a. 

When sin a = sin A and < 1 then B = ft = c = 90°. 

When a= A= 90° then c= 90°, b and B are indeterminate. 

The triangle is impossible when (1) a and A are in dif- 
ferent quadrants (v, § 6, Cor. IL), and (2) when sin a > 

sin A ; for here sin c = - — -r > 1, which is impossible. 

sin A 

Example I. Given a = 147° 49', A = 137° 36'. 

log cos A = 9.8683 n log tan a = 9.7989n log sin a = 9.7264 

log cos a = 9.9275 n log tan A= 9.9605n log sin A = 9^8288 

log sin B = 9.9408 log sin b = 9.8384 log sin c = 9.8976 

Bi = 60° 45' fti = 43° 34' c^ = 52° 11' 

B, = 119° 15' b^ = 136° 25' C2=127 491 
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Check, The parts fti, Bj, and c, belong 

log sin c = 9.8976 to one of the possible triangles, 

log sin B = 9.9408 and the parts h^f 'B^ and c^ to 

"9.8384 the other, 
log sin 5 = 9.8384. 

When the formulas in the table (§ 10) give inaccurate 
results the following may be used : 

tan« (45^ - J B) = tan i (^ - «) *»» i (^ + «)• («) ) 
tan« (45°- J h) =sin (A- a) -r- sin (A-|- a). (b) H8] 
tan«(45°-i c) =tani (A — a)ctni (A+a). (c) ) 

These may be deduced from the general formulas of 
Cask IV. by the following formulas of Plane Trigonometry : 

(a) from sin B = -^^ by [49] and [32] ; 

cos 01/ 

(b) fromsinft=^by[22]; 

(c) from sin c = ^|^ by [48] and [32]. 

ExampU 11. Given a = 34° 06', A = 34° 08'. 

Compute Bi = 88° 24' bi = 87° 08' Cj = 87° 38' 
Ba = 91°36', *2 = 92° 62', 0^ = 92° 22'. 

§ 15. Case V. Given c and A. 

Each required part is completely determined by the for- 
mulas in the table except a, which must, by § 6, Cor. II , 
lie in the same quadrant as A. 

When c = A = 90° then a = 90°, 5 and B are indeter- 
minate. 

When c = 90° and A is not 90° then ft = B = 90°, and 
a = A. 
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When A = 90° and c is not 90° then a = c, and the tri- 
angle becomes a single line equal to a or c. 

Example I. Given c = 112° 48', A = 56° 12'. 
Compute a = 49° 56', b = 127° 05', B = 120° 04'. 

What other method for finding a may be used to advan- 
tage when sin a is nearly equal to unity ? 

JEJxample II. Given c = 87° 12', A = 88° 12'. 
Compute B = 32° 45', h = 32° 42', a = 86° 40^. 

§16. Case VI. Given A and B. 

Each required part is completely determined by the foi> 
mulas in the table (§ 10). 

When A = B and is not 90° then a = b. 
When A = B = 90° then a = 5 = c = 90. 
When A = 90° and B is not 90° then a = c = 90° and 
5 = B. 

Example I. Givm A = 63° 15', B = 135° 34'. 
Compute a = 50° 00', 6 = 143° 06', c = 120° 56'. 

For cases of inaccuracy the following formulas may be 
nsed: 

.3^ tanH90° + B-A) .. 

^^"^^ = tanHB4-A-90°r ^^^ 

. , ^ tan A (90° + A-B) ,^. I ran 

^^^^^= tani(B + A-90°r ('> ^^^ 

ctn^ic=^ ^^V^-f> (c) 

2 cos (B + A) ^^ 
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These may be deduced from the general formulas of Case 
YL by the following formulas of Plane Trigonometry : 

^""^ ^ by [48] and [33], 



(a) from cos a : 

(b) from cos b : 



sin B 
cos B 
sin A 



by [48] and [33], 
ctn A , 



(c) from cos c = ctn A ctn B = g by [23] and [33]. 

Example II. Given A = 92° 08', B = 50° 02'. 
Compute a = 92° 48', 5 = 50° 00', c = 91° 48'. 

EXAMPLES. 



B 

58° 02' 

32° 43' 

12° 35' 

147° 20' 

B 

54^^49^ 

50° 19' 

91° 15' 

155° 29' 

A 

92° 09' 

95° 15' 

54° 35' 

5° 46' 

Bi 
60° 54' 
54° 36' 
15° 42' 
49° 38' 





Given 




Compute 




a 


b 


c 


A 


L 


36° 27' 


43° 36' 


64° 21' 


46° 59* 


2. 


86° 40' 


32° 40' 


87° 12' 


88° 12' 


3. 


2° 01' 


0°27' 


2° 04' 


77° 26' 


4. 


120° 10' 


161° 00' 


63° 56' 


106° 44' 




a 


e 


b 


A 


6. 


14° 17' 


23° 50' 


19° 17' 


57° 38' 


a 


32° 09' 


44° 33' 


32° 42' 


49° 19' 


7. 


12° 15' 


96° 44' 


95° 52' 


12° 19' 


& 


8° 12' 


171° 00' 


176° 17' 


66° 46' 




a 


B 


e 


b 


9. 


92° 48' 


60° 02' 


91° 48' 


60° 00' 


la 


96° W 


60° 12' 


94° 23' 


60° 00' 


IL 


20° 20' 


38° 10' 


25° 14' 


16° 16' 


12. 


3° 66' 


85° 47' 


43° 04' 


42° 66' 




a 


A 


Cl 


*i 


la 


33° 40' 


43° 21' 


53° 62' 


44° 53' 


11 


133° 19' 


124»00' 


118° 39' 


46° 40' 


15. 


111° 44' 


95° 46' 


111° 00' 


14° 38' 


la 


87° 12' 


87° 52' 


88° 11' 


49° 34' 
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Owen. 1 




e 


A 


17. 


69° 25' 


54° 56' 


la 


118° 4^ 


128° 00* 


19. 


58° 30' 


22° 01' 


aa 


89°30'.6 


89° 16' 




A 


B 


2L 


63° 15' 


135° 34' 


22. 


116° 43' 


116° 31' 


2a 


47° 00' 


67° 59' 


21 


10° 46' 


79° 34' 







Compute 






a 




b 




B 




49° 


69' 


66° 


61' 


63° 


25' 


136° 


16' 


48° 


24' 


68° 


27' 


18° 


39' 


66° 


33' 


78° 


04' 


89° 


07' 


66° 


17' 


56° 


17' 


e 




a 




b 




120° 


66' 


50° 


00' 


143° 


06' 


75° 


27' 


120° 


10' 


119° 


59' 


54° 


19' 


36° 


27' 


43° 


33' 


14° 


27' 


2° 


40' 


14° 


14' 



The following triangles, although not right triangles, can 
be solved by principles already explained ; 



27. 



e 
90° 
90° 


Given 

a 

60° 04' 

174° 13' 


b 
40° 10' 
94° 08' 


A 

39° 19' 

176° 57' 


Compute 

B 

28° 10' 

136° 40' 


C 
133° 01' 
136° 35' 


a 
90° 


A 

28° 06' 


C 
16° 08' 


b 
122° 48' 


c 
36° 09' 


B 

166° 41' 


e 
90° 


A 

110° 48' 


B 

136° 36' 


C 
104° 42' 


a 
104° 53' 


b 
133° 40- 


a 
28° 00' 


b 
28° 00' 


B 

79° 00' 


c 
11° 36' 


A 

79° 00' 


C 

24° 50' 


A 

20° 00- 


B 

120° 00' 


C 

80° 00' 


a 
133° 28' 


b 
133° 28' 


c 

66° 34' 



30. 



3L A spherical square is a spherical quadrilateral which 
has equal sides and equal angles. The diagonals divide it 
into four equal spherical right triangles. Given a side («) 
of the spherical square : find an angle (A). 



Ans, ctn J A = V cos «. 
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32. A line makes with a plane an angle <^ ; through the 
foot of the line and in the plane draw a second line mak- 
ing with the projection of the first on the plane the angle 
tt ; find the angle x made hy the second line with the first. 

Ans. cos X = cos ^ cos a. 

83. Given the number of sides of a regular spherical poly- 
gon equal to n and each angle equal to A ; find a side (a) of 
the polygon and the polar radii of the circumscribed and in- 
scribed circles. ^^^ » 
cos — 

Ans. cos i a = -; — --t- , 
sm i A 

coslA ^ xiAi."" 

cos r = = — , cos R = ctn i A ctn - • 

Sin - ^ 

34. Eind the angles between the adjacent faces of each 
of the five regular polyhedrons. 

Ans. Tetrahedron 70° 32', Hexahedron 90°, Octahedron 
109° 28', Dodecahedron 116° 35', Icosahedron 138° 15'. 

36. The base of a regular pyramid is a decagon ; each 
angle at the vertex of the pyramid is 18° ; find the angle 
(t) which each lateral face makes with the base and the 
angle (</>) made by the lateral faces with one another. 

Am. i = 60° 54', ^ = 148° 40'. 

In Appendix L wUl be found a few remarks dbout As- 
tronomy, with which the student should become perfectly 
familiar before attempting to work the following examples. 

36. From the longitude of the sun (I) and the obliquity 
of the ecliptic (e) find the sun's right ascension (a) and 
declination (8). Ans, tan a = tan I cos e, sin 8 = sin Z sin e. 

37. (a) From the latitude (<^) of a place on the earth's 
surface and the declination (8) of the sun on a given day, 
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find the times and places of the rising and setting of the 
sun and its distance from the zenith at noon. 

(b) When are days and nights equal ? 

(Neglect the effect of refractioo.) 

Ans. (a) cos w = tan <^ tan 8, cos d= sin 8 : cos <^, where cj 
denotes the angle, which reduced to hours and minutes is the 
time hefore and after midnight of setting and rising ; d is 
the distance from the north point of the horizon, <^ — 8 is 
the distance from the zenith at noon. 

(b) Days and nights are equal when the sun rises at 
6 A. M. and sets at 6 p. M., i. e. when w = 90® = 6 h. ; this 
occurs (1) at all places on the earth when 8 = (March 21 
and September 21) and (2) at all times of the year for 
places on the equator (</> = 0). 

38. When does the solution of Example 37 become im- 
possible ? when indeterminate ? and what follows for places 
so situated on the earth's surface as to give these results ? 

Ans. Impossible when 90° — < 8, i. e. when the polar 
distance of the place is less than the declination of the sun ; 
in such cases the sun neither rises nor sets, but is either 
entirely above or entirely below the horizon during the 
entire day. 

Indeterminate when 90° ~ <^ = d = 0, i. e. at the poles 
when 8 = 0; here the sun is just in the horizon during the 
entire day. 

39. When and where does the sun set in Cambridge 
(lat. 42^ 230 on the longest day (June 21, 8 = + 23° 27') ? 
when and where on the shortest day (December 21, 
8 = -23°27')? 

Ans. ®= 66°41' = 4h.27i 
^ = 57° 24' 



« = 113°19' = 7h. 33ra. 
rf = 122°36' 



^™- 1 Congest). 
^* y (shortest). 
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40. Solve Ex. 39, substituting Kew Haven (lat. = 41° 17') 
for Cambridge. 

^/w. «= 67*'37' = 4b. 30.5 m.) ^ .^ 

« = 112^23' = 7h. 29.5 m. 
c? = 121°58'.6 



' >■ (shortest). 



4L (a) Find the altitude (/i) and azimuth (a) of th« 
Bun at a given place in the northern hemisphere (lat. ^.' 
and on a given day (dec. 3) at 6 A. m. 

(b) How does the altitude change with a change of place . 
What is its value for a place on the equator ? what for a 
place at the pole ? What is the greatest possible altitude ? 

(c) Why is the sun never above the horizon before 6 A. m. 
in winter? 

(d) How does the azimuth at the same place change 
during the year ? how on the same day (i. e. declination 
of the sun constant) when the position of the place changes ? 
What is the azimuth of a place on the equator ? what of a 
place at the pole ? 

Answers, (a) sin A = sin <f) sin d, ctn d = ctn (ISC' -f d) 
= cos <f> tan d. (180° + <?) = «, where d = distance from 
the north point of the horizon.) 

(b) In summer the altitude increases as the distance of 
the place from the equator increases ; at the equator it 
is 0° ; at the pole it is equal to the declination of the sun, 
which is the greatest possible altitude that the sun can 
have at this time of the day ; for other places on the north- 
em hemisphere the altitude is a maximum on the longest 
day (June 21, when 8 = 23° 27'). 

(c) In winter 8, and therefore h, is negative. 

(d) The azimuth increases with a decrease in 8- and an 
increase in <^ ; at the equator it is 270° — 8, and at the 
pole it is 270°. 
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42. Find the altitude and azimuth of the sun in Cam- 
bridge (<^ =42° 230 on June 21 (8 = 23° 2T) at 6 a. m. 

Arts, h = 15° 34'. a = 252° ICV. 

43. (a) At what times of the day at a given place in the 
northern hemisphere (i. e. <^ given) and on a given day (i. e. 
8 given) is the sun exactly in the east or west ? (b) What 
are the results when 8 = 0, i. e. when days and nights 
are equal ? (c) Why in summer can the sun never be 
in the east before 6 A. M. and never in the west after 
6 p. M. ? 

(d) What results are obtained when the latitude <^ is 
less than the declination 8 ? what when it is equal to 8 ? 
What results are obtained for the north pole ? 

Ans, (a) cos a> = tan d ctn (p, where <a reduced to hours 
is the time before or after noon. 

(b) When d = 0° then « = 90° = 6 h. 

(c) The place being north of the equator <f> is positive ; 
in summer d is positive ; therefore cos <a is positive and a> 
is less than 90° or 6 h. 

(d) When <^ < 8 then cos w > 1, and the problem is im- 
possible. When <f> = 8 then (0 = 0° or the sun is in the 
east and west at noon ; this means that the sun is at noon 
in the zenith, and therefore in that vertical circle which 
passes through the east and west points of the horizon. At 
the pole cos w = 0, or w = 90° = 6 h. 

44. At a place on the earth's surface whose latitude is <^, 
a rod OA, pointed toward the north pole, makes with a 
horizontal plane an angle boa = </>; let oc be the position 
of the shadow of the rod at a given time of the day ; find 
the angle boc. 

Given <^ = 42° 23' (Cambridge) t = 2h, = 30°. 

Ans. tan hoc = sin ^ tan t] ,', boc = 21° 16'. 
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cos h cos c cos AD sin c cos h sin ad 
. • . cos a = 1 , 

cos AD cos AD 

and from [3] tan ad = cos A tan h \ 

. • . cos a = cos 6 cos c + sin 6 sin c cos A, 
and similarly 

cos h = cos c cos a + sin c sin a cos B, 
cos c = cos a cos 6 + sin a sin b cos C. 



[11] 



Note. What has been said about the measarement of straight lines 
in § 2, Plane Trig., will apply equally well to the measurement of 
arcs ; bearing this in mind, and also the fact that the sines of an arc 
and its supplement are the same, and that the cosines of an arc and its 
negative are the same, §§17 and 18 will be seen to apply equally well 
to the cases where D does not fall between a and u. 

§ 19. Let a'b'c' be the polar triangle of abc, then by 
§2/, 

A' = 180° - a, a' = 180° - A, 



C' = 180°-c, 



Z»' = 180°-B, 
c'=180°-C. 



Applying [11] to the triangle a'b'c' we get 

cos a' = cos b^ cos c' + sin ft' sin c' cos A', 
or substituting from above 

— cos A = (— cos B) (— cos C) + sin B sin C (— cos a) ; 

or — cos A = cos B cos C — sin B sin C cos a, 
and similarly 

— cos B = cos C cos A — sin C sin A cos 5, 
and — cos C = cos A cos B -— sin A sin B cos c. 



ki2] 
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COS a — cos h cos c 



§ 20. From [11] cos A = - 



sin h sin c 
from Plane Trig. [31] and the above 



, . . /l -h cos A . /sir 

\k=\j — 5 — =y- 



/sin ^ sin c + cos a — cos h cos c 

cos .jr A = V —R = V » . ; . 

J sm 6> sin c 



= sJ^^E^^±A (y. Plane Trig. [19]) 
▼ 2 sm 6 sm c ^ o u j/ 

^^ 8inH«4-^ + c)sinH5+c-a) . pj^^^ 
V sin 6 sin o 

Trig. [47]).. 

Now put a-{-b + c = 2s and . • . 

— a + b + c = 2 (s — a) and we get 



, . . /sin 5 sin (5 — a) 

cos ^ A = V ^—-A -, 

▼ sm sm c 



sin b sin c 
and similarly 



cos J B 



cos 



_ . /sin s sin (s — b) 
V sin c sin a ' 

1 n i /®^^ * ^^^ (* ~" ^) 

J O =\/ ; : 7 . 

^ T Sin a sm b 

In a similar manner may be obtained 

/: 

sin J A = Y 



[13] 



sin ^ (a — b + c) sin J (a-{-b — c) 
sin 6 sin c 



^ ^ 8in(g-6) sin(5-c) ^ 
V sin 6 sin c ' 



and from [14] and [13] 



tan^A = V^ ^^"^^-^)7^^-^\ 

^ T sin s sin (s — a) -" 



sin s sin (s — a) 
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By advancing the letters we get similar formulas for B 
and C. We have agreed to restrict ourselves to triangles 
in which each part is less than 180°, therefore ^ A^ ^ B, 
and ^ C are each less than 90° and their functions are posi- 
tive ; we must then give the + sign to the radicals in [13], 
[14], and [15]. 

Problem. Prove that the values of the sine, cosine, and 
tangent of the half angle contained in [13], [14], and [15] 
are real, i. e. that the quantity under the radical is in each 
case positive. 

§ 21. From [12] we get 

cos A -h cos B cos C 



cos a = ■ 



sin B sin C 



Now proceeding as in § 20 and putting A + BH-C = 2S 
we get 



cos J a = >/ cos(S-B)co8(S-C) 



sin B sin C ' 



[16] 



• 1 4 /— cos S cos (S — A) -.„^ 

^ ▼ sm B sin C *- -^ 



. 1 4 / — COS S COS (S — A) _.._ 

^ ▼ COS (S — B) COS (S — C) *- -^ 

Let the student write the corresponding formulas for h 
and c. 

Corollary 1. The above formulas give real values for 
sin \ a, cos \ a, and tan J a. 

Froof, 1st. Sin A, sin B, and sin C are each positive, 
because A, B, and C are each less than 180°. 

2d. 2 S > 180° < 540° (§ 2 Z and § 3). 
. • . S > 90° < 270°, i. e. cos S is negative and — cos S 
is positive. 
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3d. S — A = ^(B-f-C — A). In the polar triangle whose 
sides we will denote by a', 5', and c', we have a^ <b' -{-cf 

(3 2 J); 

...180-A<180-B-t-180-C;.-.B + C~A<180*' 
and J (B + C - A) = S -- A< 90°; . •. cos (S- A) is posi- 
tive, and in like manner cos (S — B) and cos (S — C) are 
each positive. 

Since then each factor of the quantities under the radi- 
cal is positive the quantities themselves are positive and 
their roots are real. 

Corollary 2. The sign of the root is in each case 
positive. 

§ 22. Substituting in the following formula (Plane Trig. 
[19]), cos ^ (A ± B) = cos J A cos J B =F sin J A sin ^ B, 
the values for sin J A, sin J B, cos J A, and cos ^ B ob- 
tained in § 20, we get 



^ ^ ^ Sin 6 y sm a sm b 



sin (5 — c) . /sin (s — a) sin (s — b) 
sin V sin a sin b 



__ sing=f 8in(g — c) . /sin (s — a) sin {s — b) 
sin c V sin a sin b 

Now 8 = -^ + ^ , and 5 - c = -y- - ^ ; 

. • . sin 5 — sin (5—0)= 2 sin J c cos — ^ (y. Plane Trig. [45]) 

and sin « -h sin (8—c)= 2 cos J c sin —^ (v. Plane Trig. [44]) 
and sin c = 2 sin ^ c cos ^ c (v. Plane Trig. [26y) 
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1/4 . T»\ 2 sin i c COS i (a + ^) . , ^ 

. •. cos i (A + B) = — jrA — i ^-^ sin i C 

2 ^ ^ 2 am J c cos J c ^ 

and cos HA - B) = "°H« + ^) ^j^ j c. [20] 

Sin h c 

Now substituting as before in the formula 

sin i (A ± B) = sin J A cos J B ± cos J A sin J B (Plane 
Trig. [18]), 

we get 

8mKA±B)= ^'" (.-t) ^ 8in.8in (.-c) 
"^ sm c * sin a sin 6 



sin (.9 — a) * /sin s sin (s — c) 
sin c V sin a sin b 



sin (.9 — ^) ± sin (s — a) . /sin s sin (s — c) 

"" sin c V sin a sin b 

^^ , c + a — b , b-^c — a c — (a—b) 
JNow 5 — 6 = , ands— a = ^ = ^ ^; 

. • . sin (5 — ft) + sin (s — a) = 2 sin J c cos \ (a — • ft) (Plane 
Trig. [44]) ; 
and sin {^ — ft) — sin (s — a) = 2 cos J c sin \{a — V) (Plane 

Trig. [45]); 



.-. sin HA I B) rr ^ sin ^c cos | (a-ft) ^ sin g sin (g - c) 
^ '^ 2 sin \ c cos J c V sin a sin ft 

cos h (a — b) 

and sin J (A - B) = ^'" ^^ - ^) ^^3 ^ (.^ j-gg] 

sm A c 

The last four formulas are called the Gauss Formulas. 
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From [21] and [19] we obtain 

tan i (A + B) = f^ ^ ctn i C ; 

from [222 and [20] 

tan i (A-B) = ?!5J4^etn iC; 
^ ^ ' sm I (a + ^) 2 » 

from [20] and [19] 

, , ,. cos i (A — B) , - 
tanH- + ^) = ^Jj^tanie; 



from 1222 and [21] 
tan \ {p^ — 

.The last four formulas are called Kapler's Analogies. 



tan H«-*) = ^^^4#=^ tan ic. 
* ^ '^ sm ^ (A + B) ^ 



[23] 
[24] 
[25] 
[26] 



FIG. 4. 



§ 23. To find the polar radius of a circle circumscribed 
ohout a triangle in terms of the angles. 

The centre is at the intersection of the perpendiculars to 
the sides at their middle points ; joining the centre with 
the vertices we have the right tri- 
angles indicated in Fig. 4, the 
hypothenuses of which are each 
equal to the required .radius (E). 
The triangles pab, pbc, and pca 
are isosceles, therefore the two an- 
gles marked a are equal to each 
other, and likewise the two angles 
marked jS, and the two angles 
marked y. 

Nowi3=B-.y=B~(A-«)=B-A+a = B-.A+C-/3; 

.•./3 = i(B~AH-C) = S-A. 
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Now by [3] tan cp = tan R 
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_ tan J a __ tan 



=by[18]v/. 



COS fi cos (S — A) 
1 



— cos S cos (S — - A) 
cos (S ~B) cos (8- C) '^ cos (S - A) ' 



X 



'. tan 



R=VA 



— cos S 



cos (S — A) cos (S — B) cos (S — C) 



Corollary. 



tan J a = tan R cos (S — A). 



[27] 



[28] 



FIQ. 6. 



§ 24. To find tJie polar radius of the circle inscribed in 
a triangle in terms of the sides. 

The centre of the circle is at the intersection (o, Fig. 5) 

of the lines which bisect 
the angles, therefore the 
perpendiculars let fall from 
the centre o upon the sides 
V a, b, and c are each equal 
to the required radius (r). 
The right triangles on each 
^/ side of OA are symmetrical, 
and also those on each side 
of OB and oc, therefore the 
arcs marked l/, b' are equal, 
and also those marked a', a', and cfy d. 

l>(owb' = b-^a' = b-(a--&)=:b-(a-(c'-b')) 

= * — a + c — ft'; .'.b' = ^ (b'-a-\-e)=s^a. 

Now by [4] tan r = sin b' tan ^ A = sin (s — a) tan J A 




V ^^ CT • / \ * /sill (^ ~ ^) sin (* — c) 

= by [16]8m(*-a) V ^ . , x > 

^ » sin « sin (« — a) 



THE SPnmCAL TRIANGLE IN GENERAL. 31 



▼ am 8 "* 

COEOLLAEY. 

tan^A= ,^'''' , . [30] 

^ 8in(s — a) "^ -* 

§ 25. Solution of Oblique Triangles. 
The number of cases which can arise is equal to the 
number of combinations which can be formed out of the 

six parts, taking three at a time, or to — j-^ = 20, and 

they are the following : 
(1) a be, {2)abA, (S) a b B, (4) a b C, (5) a e A, 
(6) a B, (7) ac C, (8) b e A, (9) b c B, (10) b c C, 

(ll)aAB, (12)aAC, (13)aBC, (14) ft A B, (15) ^^ A C, 

(16)ftBC, (17)cAB, (18)cAC, (19)cBC, (20)ABC 

We see, however, that the combinations (2), (3), (6), (7), 
and (10) form only one distinct case, since in each two 
sides and an angle opposite one of them are given ; simi' 
larly (4), (6), and (8) form only one distinct case ; (11), 
(12), (16), (18), and (19) form only one distinct case ; and 
(13), (15), and (17) form only one distinct case. We have 
then in all only six distinct cases, as follows : 

Case L Given the three sides. 

Case II. Given the three angles. 

Case III. Given two sides and an angle opposite one 

of them. 
Case IV. Given two angles and a side opposite one of 

them. 
Case V. Given two sides and the included angle. 
Case VI. Given one side and the two adjacent angles. 



32 SPHERICAL TRIGONOMETRY. 

§ 26. Cases I. and II. can be solved by [15] and [18] 
respectively, or I. by [30] and [29], and II. by [28] and 
[27]. [10] may be used as a check formula. 

Example 1 (Case I.). 

{a== 26° 13' 

7 Q-0 1., We will solve this by [30] 

*= ^' ^^ and [29]. 

c= 58° 32' ^ ■" 

2« = 120°59' 

«= 60°29'.5 oolog sin* = 0.0603 

« - a = 35° 16'.5 log sin (« - a) = 9.7615 

« - ^ = 23° 15'.5 log sin («-*)= 9.5964 

jr - c = 1° 57'.5 log sin (jr-c)=: 8.5336 

2 « = 120° 59' log tan* r = 7.9518 

log tan J A = 9.2144 log tan r = 8.9759 I 

log tan J B = 9.3796 ' 

log tan J C = 0.4423 

JA= 9° 18' rA= 18° 36' 

JB= 13°28'.6 AusAb^ 26° 57' 

iC= 70°08'.6 (C = 140° 17' 

Check. I 

/og sin A = 9.5037 log sin B = 9.6563 log sin C = 9.8055 

log sin a = 9.6294 log sin b = 9.7818 log 'sin c =9.9310 | 

9.8743 9.8745 9.8745 

Example 2 (Case II.). 

Given A = 102° 14', B = 54° 32', C = 89° 06'. 
Ans. a = 104° 26', b = 53° 50', c = 97° 44'. 
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§ 27. Case III. Given a, b, and A. 

We find B by [10], i. e. by 

. ^ sin A sin b 

sm B = ; ; 

sm a 

and J c, J C by [25] and [23], 

1 . 1 cos i (A + B) , , , 
ie.bytanic = ^-^^tanH« + ^), 

and ctn i = ^^^^-^^ tan HA+ B) ; 

2 cos ^ (a — ^>) 2\-rjj 

J c and I C being each less than 90° tan ^ c and ctn | C 
must be positive ; therefore when each of the two supple- 
mentary values of B obtained by [10] makes tan J c and 
ctn ^ c positive there will be two solutions. 

When sin A sin 6 > sin a there will be no solution, for 
in this case we shall have sin B > 1. 

There are many ways of determining by an inspection of 
the data (a, b, and A) whether there are two solutions or 
but one ; the following, found in Chauvenet's Trigonometry, 
p. 197, seems to be the best : 

Ist. When h differs more from 90° than a, B must be in the 
same quadrant as 6 (§ 2 n), and there can be but one solution. It 
remains to show, 

2d. That when a differs more from 90° than 6, there will neces- 
sarily be two solutions. We have, by the first of [11], 

cos a— cos 6 cos c 

sm c = : r T . 

sm cos A 

Two solutions exist so long as both values of c are positive, and 
less than 180°, that is, so long as sin c is positive. Now when a 
differs more from 90° than 6, we have (neglecting the signs for a 
moment), 

cos a > cos 6 > cos 6 cos c. 
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therefore the numentor of the above value of sin e has the sign 
of ooe a. But by § 2 n, a and A are in the same quadrant, and 
coe a and coe A have the same sign ; consequently also, the nu- 
merator and denominator have the same sign, and the value of the 
fraction, or of sin c, is positive, as was to be proved* 

Hence, there is hut one sohUion token the side oppoeiU the given 
angle differs less from 90° than the other given side, and two solu- 
tions when the side opposite the given angle differs more from 90° 
than the other given side. 

Note. We have proved above that when the property stated in § 2 n, 
does not determine the quadrant of B then there are always two solutions. 

When B is nearly 90° it cannot be obtained with accu- 
racy from its sine, but we may proceed as follow;s : 

From b and A in the right triangle agd (Fig. 3) we can 
find p (v. Case Y. of right triangles), and then from p and 
a in the right triangle bod we can find B (v. Case II. of 
right triangles). 

[10] may be used as a check formula. 

Example. Given b = 70° 21', a = 61° 41', A = 62° 30'. 



6 + a = 122°02' 


i(6 + a)= 61° 01' 


b-a= 18° 40' 


i(J-a)= 9°20' 


log sin i = 9.9739 


B, + A = 124°45' 


log sin A = 9.8995 


B,+ A = 160°16' 


colog sin a = 0.1054 


Bx-A= 19° 46' 


log sin B= 9.9788 


B,-A= 65° 16' 


*Bi= 72° 15' 


i(B, + A)= 62°22'i» 


B, = 107°46' 


J(B, + A)= 80°07'.6 




i(B,-A)= 9°62'.6 




J(B,-A)= 27°37'.6 



* a differs more from 90° than b ; there ai-e therefore two solutions. 
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log COS I (^ -f a) = 9.6854 log cos ^ (* + a) = 9.6854 
log tan ^ (Bi 4- A) = 2812 log tan J (Bj + A) = 0.7593 
colog cos ^(b — a) =0.0058 colog cos J (6 — a) = 0.0058 
log ctn J Ci = 9.9724 log etn J C, = 0.4505 

JCi = 46M9' JC, = 19°31' 

Ci = 93«38' C, = 39°02' 

log cos J (Bi 4- A) = 9.6662 log cos ^ (B,+ A) = 9.2342 
log tan J (6 4- a) = 0.2565 log tan J (6 + a) = 0.2565 
colog cos J (Bi- A) = 0.0064 colog cos J (B,- A) = 0.0526 
log tan ^ ci = 9.9291 log tan ^ c, = 95433 

Jci = 40^21' |ca = 19°15'.5 

ci = 80°42' c, = 38°31' 

Check. 
log sin B = 9.9788 log sin Ci = 9.9991 log sin €2 = 9.7992 
log sin Z> =9.9739 log sin Ci = 9.9942 log sin ga = 9.7943 
0.0049 0.0049 0.0049 

§ 28. Case IV. Given A, B, and a. 
We find b by [10], i. e. by 

sin B sin a , . . ^^ . . 

sm = -, — 7 — ; when is near 90 it 

sm A 

may be found in a manner exactly similar to that by which 
B when near 90° was found in Case IIL c and C may be 
found as in Case III. 

When each of the two values of b found by either of the 
above formulas makes tan ^ c and ctn ^ C positive then 
there will be two solutions. 

When ; — 7 — > 1 there is no solution. 

sm A 

The supplements of the parts A, B, and a are respectively 
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the parts a', I/, and A' of the polar triangle ; the polar tri- 
angle then comes under the head of Case III., and the rule 
given in the last section tells us whether it has one or two 
solutions. Our triangle evidently has the same numher of 
solutions as its polar. 

Examph. Given A= 159° 43', B = 123° 4(K, a = 159° 5(y. 

124° 08' __ 137° 2(y 137° 04' 

^'^^ ^" 55°52" ^"" 65°39" 113° 39^' 

§ 29. Case V. Given a, b, and C. 

By the following formulas ([23] and [24]) 

tanHA + B) = ^^^f;^7;; ctn^C, 
2 ^ ^ ^ cos ^ (a -h 5) 2 ' 

tan HA~B) = ?!5ii?Lllg etn J C, 
^ ^ ^ &m^ {a + b) ^ ' 

we may find ^ (A+ B) and J (A — B), and therefore A 
and B ; we can now find c either by [25] or [26], i. e. 

^ . t / ,N cos i (A — B) ^ , 

, . _^ sin i (A — B) ^ - 

or tan h (a — 5) = — — 7-7-7 rjr^ tan * c 

* ^ ^ sm J (A -f B) ^ 

[10] may be used as a check formula. 

ExampU. Given a = 56° 20', ft = 20° 17', C = 114° 20'. 

« + 5 = 76° 37' J (« + ^) =^° 1^'-^ 

a-ft = 36°23' i(a-5) = 18°01'.5 

iC = 57°10' 
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log COS \(a — h)^ 9.9781 log sin }^{a — h)= 9.4906 

log ctn 4 C = 9.8097 log ctn J C = 9.8097 

colog cos i (a + *) = 0.1053 colog sin J (a + 6) = 0.2077 

log tan 4 (A + B) = 9.8931 log tan J (^ - S) = 9.5080 



i(A-B)=17°51' 
3=20^10^ 

Check, 
log sin A = 9.9179 
log sin a = 9.9203 
9.9976 
log sin B = 9.5375 
log sin h = 9.5399 
9.9976 
log sin C = 9.9596 
log sin = 9.9618 
9.9978 
§ 30. Case VI. Given A, B, and c. 
The formulas used in the solution of Case V. can also be 
used here ; [2b'\ and [26] may be used to find a and h^ and 
either [23] or [24] to find C. 



J(A + B) = 38^01' 

A = 55°52' 

log tan J (a + 5) = 9.8976 

log cos i (A + B) = 9.8964 

colog cos \{A — W) = 0.0214 

log tan 4 e = 9.8154 

Jc = 33°10' 

c = 66^20' 



EXAMPLES. 



1. 

2. 
.3. 

4. 





Cfiven 






Compute 


a 1 h 


e 


A 


B 


124°12',6 64° 18' 


97° 12'.5 


127° 22' 


51" 18' 


93° 45' 


27° 16' 


88° 12' 


101° 48' 


26° 42' 


82° 34' 


27° 16' 


89° 12' 


75° 12' 


26° 32' 


82° 11' 


64° 19'.5 


31°31'.5 


119° 44' 


52° 16' 



c 

72° 27' 

78° 42' 

102° 51' 

27° 16' 
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aire» 






A 


B 


C 


6. 


20° icy 


65° 62' 


114° 20* 


6. 


130° OC 


110° 00* 


80° 00- 


7. 


65° 42' 


46° 44' 


136° 16' 


8. 


4° 24' 


8° 28' 


172° 18' 




a 


*' 


A 


9. 


69° BC 


46° 42' 


32° 64' 


10. 


40° 20' 


70° 40' 


40° 00' 


IL 


60° 00* 


40° 00' 


SO'OO' 


12. 


160° 67' 


134° 16' 


144° 23' 




A 


B 


a 


13. 


110° 10' 


133»18' 


147° 06' 


14 


113° 39' 


123° 40' 


65° 40' 


IS. 


169° 43' 


123° 40' 


169° 60' 


16. 


100^02' 


98° 30' 


95° 21' 




a 


b 


C 


17. 


35° 37' 


69° 12' 


124° 18' 


18. 


124° 07' 


88° 12' 


60° 02' 


19. 


88° 12' 


120° 66' 


47° 42' 


20. 


47° 42' 


63° 15' 


69° 04' 




A 


B 


c 


2L 


67° 36' 


120° 48' 


124° 18' 


22. 


39° 45' 


26° 59' 


164° 47' 


23. 


107° 33' 


128° 42' 


124° 13' 


24. 


82° 48' 


125° 42' 


52° 38' 



a 

139° 21' 
82*^17' 

sru' 

e 
109° 39^ 

|8r54' 
l48°54' 

42° icy 

(23° 57' 

l55°42' 
b 

124° 07' 

( 65 52' 

<124'08' 

90° 

e 

820 16' 

59° 04' 

55^56' 

50° 00' 

a 
44°44'.5 
121°27'.5 
82° 47' 
107° 34' 



Compute 
b 

56° 18' 
126° 58' 

59° 12' 

84° 12' 
B 

24° 55' 

69° 34' 
110° 26' 

55° 43' 

59° 11' 

120° 49' 

c 

33° 02' 
159° 50' 
137° 22' 

65° 39' 

147° 38' 

A 

29° 02' 
132^ 18' 

63<»15' 

55° 53' 

b 
134°15'.5 

37°15'.5 
126° 42^ 
128° 42^ 



c 

66° 18' 

56° 52' 

122° 25^ 

115° 08 

C 
146° 58' 
100° 32' 
48° 26' 
59° 38' 
29° 09' 
97° 44' 

C 
70° 21' 
159° 44' 
137° 04' 
113^39' 
147° 58' 

B 

45° 44' 

63° 15' 

129° 59' 

88° 13' 

C 
97° 42' 

161° 22' 

127° 22' 

55° 48/ 



25. Find the length in geographical miles of the great 
circle arc joining Sandy Hook (New York Harbor), lat. 
40° 28', long. 74° 08', with Cork Harbor (Queenstown), 
lat. 51° 47', long. 8° 11'. Ans. 2726 m. 
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Remark. The lengths of the routes travelled by steam- 
ers of the White Star Line are as follows : 

Qaeejistovm to Sandy Hook, 
Eoute A (summer), 2783 miles. 
Route B (winter), 2855 miles. 

Sandy Hook to Qi^eenstoivn, 
Route C, . . . 2889 miles. 

26. Find the distance from Sandy Hook (v. Ex. 25) to 
the Giants' Causeway (north coast of Ireland), lat. 55° 18', 
long. 6° 24'. A71S. 2745 m. 



APPENDIX L 

DEFINITIONS AND EXPLANATIONS OF SOME OF THE TERMS 
USED IN SPHERICAL ASTRONOMY. 

§ 1. All heavenly bodies may be considered to be pro- 
jected upon the concave surface of a sphere of indefinite 
radius, the eye of the observer being at the centre of the 
sphere. This sphere is called the Celestial Sphere, 

§ 2. The axis of the earth, or the straight line which 
joins its poles, is also the axis of the celestial sphere, and 
the points in which it cuts the latter are called the poles 
of the celestial sphere. 

§ 3. The great circle in which the plane of the earth's 
equator cuts the celestial sphere is called the celestial equor 
tor, or the equinoctial, 

§ 4. Great circles which pass through the poles of the 
celestial sphere are called hour circles, or circles of declinar- 
tion ; they are evidently perpendicular to the equinoctial. 

§ 5. The celestial Tneridian of a place on the earth's 
surface is the circle in which the plane of the te^restial 
meridian of the place cuts the celestial sphere. 
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§ 6. Since the earth makes a complete rotation about 
its axis once in twenty-four hours, every point of the celes* 
tial meridian will move through a complete circumference, 
or arc of 360°, in the same time ; hence angles are some- 
times measured in time, thus 24 h. = 360°, 1 h. = 15°. 

§ 7. The hour angle of a heavenly body is the inclina- 
tion of the hour circle (circle of declination) which passes 
through the body to the celestial meridian, and is measured 
by the arc of the celestial equator (equinoctial) included 
between these two circles ; hour angles are measured posi- 
tive from the celestial meridian towards the west, from 0° 
to 360°, or h. to 24 h. The hour angle of the sun is the 
solar time. When, for example, the hour angle of the sun 
is 30° or 2 h., the solar time is 2 o'c. p. m. ; and when the 
hour angle is — 30^ the time is 10 o'c. a. m. 

§ 8. The sensible horizon of an observer is the plane 
through his feet and tangent to the earth's surface ; and 
his rational horizon is a plane parallel to the first through 
the centre of the earth. These two planes intersect the 
surface of the celestial sphere in two circles ; but the ra- 
dius of the celestial sphere is so immense in comparison 
with the radius of the earth that the two circles will sen- 
sibly coincide and form one great circle called the celestial 
horizon. The earth then, when compared with the celes- 
tial sphere, is to be regarded as only a point at its centre. 

§ 9. The straight line through the feet of the observer 
and perpendicular to the plane of his horizon is called a 
vertical line, and the upper and lower points in which it 
cuts the celestial sphere are called the zenith and nadir 
respectively. 
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§ 10. Vertical circles are great circles which pass 
through the zenith and nadir. The celestial meridian is 
evidently a vertical circle, and passes through the north 
and south points of the horizon. 

The prime vertical is that vertical circle which is per- 
pendicular to the plane of the celestial meridian ; it there- 
fore cuts the celestial horizon in its east and west points. 

§ U. The great circle of the celestial sphere in which 
the sun appears to move, or in which to an observer on the 
sun the earth would appear to move, is called the ecliptic. 
The points in which a straight line through the earth and 
perpendicular to the plane of the ecliptic cuts the celestial 
sphere are called the poles of the ecliptic ; great circles 
through these points are called circles of latitude. 

§ 12. The vernal and autumnal equinoxes are the points 
in which the ecliptic cuts the equinoctial 

§ 13. The inclination of the ecliptic to the equinoctial 
is called the obliquity of the ecliptic^ and is denoted by the 
letter e\ it is equal to 23° 27'. 

§ 14. Spherical Coordinates. 

The position of any point on the surface of a sphere is 
determined when its angular distances from any two fixed 
great circles of the sphere are known. Thus the position 
of any point on the earth's surface is known when we have 
determined its latitude and longitude, i. e. its angular dis^ 
tances from the equator and the prime meridian. 

§ IS. For the purpose of denoting the position of a 
point on the celestial sphere astronomers make use of 



APPENDIX L 43 

three sets of coordinate circles^ or circles of reference, as 
follows : 

I. The celestial horxzoriy and the celestial meridian of 
the place. 

The angle made by the vertical circle through a body 
with the celestial meridian is called the azimvth ; this is 
generally reckoned from the south point of the horizon to 
the right hand, from 0° to 360°. 

The angular distance of the body above the celestial 
horizon measured on the vertical circle through the body 
is called the altitude. 

The distance of a body from the zenith measured on the 
vertical circle is called the zenith distance ; it is evidently 
the complement of the altitude. 

II. The equinoctial^ and the hour circle (circle of decli- 
nation) through the vernal equinox. 

The angle made by the hour circle through a body with 
the hour circle through the vernal equinox is called the 
right ascension ; this is always reckoned from the vernal 
equinox towards the east, from 0° to .360° or h. to 24 h. 

The angular distance of a body from the plane of the 
equinoctial measured on the hour circle of the body is 
called the declination; it is reckoned to the north and south, 
and cannot therefore exceed 90°. The distance of a body 
from either pole measured on its hour circle is called the 
polar distance ; it is evidently the complement of the dec- 
lination. 

III. ITie ecliptiCf and the circle of latitude through the 
vernal equinox. 

The angle made by the circle of latitude through the 
body and the circle of latitude through the vernal equinox 
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18 called the longitude; it is reckoned from the vernal 
equinox towards the east, from 0** to 360°. 

The angular distance of a body from the ecliptic meas- 
ured on its circle of latitude is called the latitude. 




§ 16. The position of a body in the heavens may then 
be denoted either by its altitude and azimuth, or by its right 
ascension and declination, or by its latitude and longitude. 

Care must be taken not to confound the latitude and 
longitude of a place on the earth's surface with the latitude 
and longitude of a heavenly body. 

The sun being always in the ecliptic, its latitude is 
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always 0° ; its longitude changes bj 360** during the year : 
on March 21, it is 0° ; on June 21, it is 90° ; on Septem- 
ber 21, it is 180° ; on December 21, it is 270"* ; and on 
March 21, again, it is 360°, or 0°. 

When a body rises or sets its altitude is evidently 0^, 
and when the altitude is greatest the body is on the celes- 
tial meridian and the azimuth is either 0° or 180^ 

§ 17. In Fig. 1, o represents the earth, mssw the 

celestial horizon of the obserFer, z the zenith, dbow the 
equinoctial, p the elevated pole (i. e. that one which can be 
seen by the observer), and r the the vernal equinox. 

If K denotes some celestial body, then the elements of its 
position are as follows : 

[The order of the letters denotes the direction in which 
the elements are measured.] 

GK = altitude (A), 

ZK = zenith distance, 
8wa = azimuth (a\ 

BK = declination (8), 

PK = polar distance, 

VB = right ascension (a), 
CPB (cb) = hour angle (t\ 
cz = NP = latitude (^) of the place of observation. 

The triangle pzk is called the cbstronomical triangle, the 
elements of which are 90° — j/), 90 — h, 90 — 8, f, the angle K 
called the position angle, and the angle kzp = 180°— a. The 
solution of this triangle from sufficient data will enable us 
to answer many of the questions which are likely to arise 
in Spherical Astronomy. 
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I 1& In Fig. 2 let calt denote the ecliptic, baqy the 
equinoctial, d and p their respective poles, and k the 
poaition of a body in the hearens. 




Hence it follows that a and v denote the antnmnal and 
yemal equinoxes, lq = dp the obliquity of the ecliptic 
(e = 23^ 27') ; and the elements of the position of K are 

TB = the right ascension («), 
BK = the declination (8), 
TG = the celestial longitude, 
GK = the celestial latitude. 



APPEKDIX n. 



COLLECTION OF FORMULAS AND OTHER USEFUL MATTER, 
FOR EASY REFERENCE. 



[1] 

[2] 
[3] 
[4] 



§6. 



§7. 





Right Triangles^ 


COS C: 


= cos a COS b. 


sinB: 


sin ^ . . sin a 

= — — ; sm A = -; — . 

sm c sm c 


COsBr 


tan a . tan 6 

= r ; cosA=- . 

tan c tan e 


tanB. 


tan b . . tan a 

= - — ; tan A = -: — r . 

sm a ' sm 6 



cos b- 


cos B 
= -: — J : cos a 
sm A' 


cos 

""sin 


A 
B 


cos c = 


= ctn A ctn B. 







c < 90^ when a and b are in the same quadrant. 
c>90° " " " " " different quadrants. 

An oblique angle and its opposite side are in the 
^ same quadrant. 

[5] 

[6] 

Napier^s Rules, 

(1) The sine of any part is equal to the product 
of the {t)angents of the {a)djar y — '^"^v^^ 

§ 8. -j cent parts. ^ *^ 

(2) The sine of any part is / ^^o^ 
equal to the product of the V j 
(c)osines of the {p)pposite parts. \ / 
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flO. 



Given 



Case I. 
• and 5. 



Cnell 
aandc 



Case III 
aandB. 



Case IV. 
a and A 



CaseV. 
e and A 



Case VI 
A and B. 



Sought 



- ^ . tail a 
cos c=cosa coB6,tanA=-; — - , 

sin b 

tanB=- 



sm a 

, cos e . 

cos 6= , sm A 

cos a 



sin a ^ tan a 
, cos B = 



tan c = - 



sin c" tan c 

cos A = cos a sin B^ tan &:= sin a tan B, 
tana 
cosB 

. ^ cosA . tan a sin a 

8ini5= , 8in^=:: r-»8inc?=-^ — r- 

cos a tan A smA 

ctn B= cos c tan A, tan b = tan e cos A, 
sin a = sin c sin A. 



cos a = - 



cos A 



sin B ' 
cos c = ctn A ctn B. 



cos^ = 



cos B 



sin A' 



Case I. 

Case II. 

Case III. 
Case IV. 

Case V. 

Case VL 



Check Formulas. 
cos c = ctn A ctn B. 
cos B 



cos b = • 



sin A' 
tan b = tan c cos A. 
sin b = sin c sin B. 

tan B = — — . 



sm a 
cos c = cos a cos b. 



§12. 



Special Formulas for Case 11. (given a and c). 
tan-^ i 6 = tan J (a -f c) tan i (c — a), (a) ^ 
taii^ (45°- i A) = tan J (c~a) ctn J (c + a), (^^) > [7] 
, tan^ J B = sin (c — a) -~ sin (c + a). (c) ) 



§14. 
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In Case IV. (given a and A) two solutions are 
- always possible, viz. : 

(1) h acute, B acute^ c and a alike. 

(2) b obtuse, B obtuse, c and a unlike. 

Special Formulas for Case IV. 
tan*(45°-iB)=tani(A--a)tanJ(A+a). (a) ^ 
tan2(45°-i b) = sin(A-a)-^8m (A+a). (b) [ [8] 
. tan2(45°- J c) = tan i(A-a) ctn^(A+a). (c) ) 

Special Formulas for Case VL (given A and B). 

* tanHB+A-90°) ^^ 

.jj. tani(90° + A-B) ,,, .„. 

''^"^^^ tanHB + A-QOr <*> [ ^ ^^ 

ctnno=^^^fe^. (c) 

COS (B + A) ^ ^ J 

The General Triangle. 
- __ sin A sinB sinC 

§17. - — =-^— =^ — . rioi 

sin a sm 6 sm c l^ j 

§ 18. * cos a = cos 5 cos c + sin b sin c cos A. [11] 

§ 19. * — cos A = cos B cos C — sin B sin C cos a. [12] 



S16. 



§20. 



* 1 A A /sins sin (5— a) 

*cosjA = i/ r-^; ^. [131 

▼ sm & sm c i- -■ 

• sin i A = J^±EW^±Eit . ru-, 

▼ sm ^ sin c '- -' 

*tan^A=v/gi^^-^)f ^^-''). ri5-| 

▼ sm 5 sm (s — a) ^ -^ 



§21. 



§22. 
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« 1 4/co8(S-B)co8(S-C) r^^^ 

♦co8ia=V ' ^ ' n -' [16] 

▼ am B sin C *- -^ 

« • 1 4 /— cos S cos (S — A) r4__ 

♦8mia=V . p / ^ '. [17] 

▼ 8in B 8m G *- ' 

*i. 1 4/ — C08SC08(S — A) -.-_ 

♦ tan J a = V — — — ^^-— — ^ . [18] 

▼ COS (S — B) COS (S — C) "■ -* 

Gauss Formulas. 

C08 i (A + B)=H2?i4±^ sin iC. [19] 

cosHA-B) = !i^«^siniC. [20] 

sinHA+B) = ^2!±(|Z^eosiC. [21] 

sinHA-B)=!!ia-^cosiC. [22] 
Sin ^ c 

Napier's Analogies. 

tan i ( A + B) = ^^^^^^) ctn i C. [23] 

^ cos ^ (a + 6) *- -" 

*^"nA-B)=?i^i^ctniC. [24] 

tanW^ + ^)= :::[;t;g tan^. [25] 

tan i (a-b)= "°?^f~S *»» \ c- [26] 

' ^ '^ sm J (A + B) * •■ -• 

tanE = y^^^-p— ^y^^^^g— gy^^g— ^. [27] 

.tania = tanRco8(S — A). [28] 
• V. note, p. 80, Plane Trig. 



§22. 



§23. 



f24. 
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taDr=\/"'° ^'~"> "" ("~^^ "^° ^'-"^ [291 



Sin 8 



, . tan T r-«^N-. 

tanjAur-^— ^ r. [30] 

sin (« — a) *■ ■* 



Solution of Oblique Triangles. 
[10] may be used as a check formula in each case. 
Case I. Given a, b, and c ; use [29] and [30]. 
Casb II. Given A, B, and C ; use [27] and [28^ 
Case III. Given a, b, and A; use [10], [25], and [23]. 

Only one solution when the side opposite the given angle 
diifers less from 90° than the otlier given side, and two 
solutions when the side opposite the given angle differs 
more from 90° than the other given side. 

Case IV. Given A, B, and a ; use [10], [25], and [23]. 

There will be one or two solutions according as the polar 
triangle (v. Case III.) has one or two solutions. 

Case V. Given a, h, and C ; use [23], [24], and [25] 

or [26y 
Case VI. Given A, B, and c ; use [26], [26], and [23] 

or [24]. 
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Elements of the Differential and Integral Calwlus. 



With Examples and Applications. By J. 
Mathematics in Madison University. 8vo. 
price, $1.95; Introduction price, $1.80. 



M. Taylor, Professor of 
Cloth. 249 pp. Mailing 



The aim of this treatise is to present simply and concisely the 
fundamental problems of the Calculus, their solution, and more 
common applications. Its axiomatic datum is that the change of a 
variable, when not uniform, may be conceived as becoming uniform 
at any value of the variable. 

It employs the conception of rates, which affords finite differen- 
tials, and also the simplest and most natural view of the problem of 
the Differential Calculus. This problem of finding the relative 
rates of change of related variables is afterwards reduced to that of 
finding the limit of the ratio of their simultaneous increments ; and, 
in a final chapter, the latter problem is solved by the principles of 
infinitesimals. 

Many theorems are proved both by the method of rates and that 
of limits, and thus each is made to throw light upon the other. 
The chapter on differentiation is followed by one on direct integra- 
tion and its more important applications. Throughout the work 
there are numerous practical problems in Geometry and Mechanics, 
which serve to exhibit the power and use of the science, and to 
excite and keep alive the interest of the student. 

Judging from the author's experience in teaching the subject, it 
is believed that this elementary treatise so sets forth and illustrates 
the highly practical nature of the Calculus, as to awaken a lively 
interest in many readers to whom a more abstract method of treat- 
ment would be distasteful. 



Oren Boot, Jr., Prof, of Math., 
Hamilton Coll., N. Y. : In reading the 
manuscript I was impressed by the 
clearness of definition and demonstra- 
tion, the pertinence of illustration, and 
the happy union of exclusion and con- 
densation. It seems to me most admir- 
ably suited for use in college classes. 
I prove my regard by adopting this as 
our text-book on the calculus. 



C. M. Charrappln, S.J., St. 

Louis Univ. : I have given the book a 
thorough examination, and I am satis- 
fied that it is the best work on the sub- 
ject I have seen. I mean the best 
work for what it was intended, — a text- 
book. I would like very much to in- 
troduce it in the University. 
(yon. 12. 1885.) 
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J. O. Fox, Prof, o/Civii St^^ La^ 
fayettt Coll,, Eastom, Pa,: It has some 
very good points in its favor, such as, 
the arrangement of the subject-matter, 
the ** numerous practical problems," 
etc. {Fti, 21, 1885.) 

J. Howard Ck>re, Prof, of Math,, 
Columbian ColL, Waskimgton, D,C. : 
From a careful inspection I think that 
in very many respects it is a marked 
improvement on the various works on 
calculus now in use. I have always 
thought that integral and dififerential 
calculus should be studied at the same 
time. This is not feasible except when 
the author arranged the subject-matter 
with that plan in view, as in this book. 
At present I regard with lavor the 
introduction of this work in my classes 
next session. {Jan, 9, 1885.) 

O. H. Judson, Prof, of Math,, 
Furman Univ., Greenville, S.C.: I find 
it to be one of the most accurate, logical, 
and carefully prepared text-books that 
I have met with. I believe there is no 
better text-book for teachers who adopt 
the theory of " Rates " as the basis of 
the calculus. {Dec. 30, 1884,) 

O. O. Oray, Prof of Math,, Ark. 
Indus, Univ.: Thus far, I am very 
much pleased with it, particularly in 
the fact that chapters on Differentiation 
and Integration immediately follow 
each other. Such an arrangement was 
needed. {Jan, 6, 1885.) 

P. L. Morse, Prof, of Math,, 
Hanover Coll., Ind.: The matter is 
certainly admirably chosen, and the 
arrangement natural and unique. The 
Integral Calculus is placed in proper 
order, and the practical application to 
Mechanics will do much to clear away 
the mysteries of which the student often 
justly complains. {Dec. 25, 1884.) 

Liondon Schoolxnaster : This 
easy but comprehensive treatise on the 



calculus diflfers in its methods from 
similar text-books produced on this 
side of the Atlantic. Altogether, con- 
sidering the extent of the ground it 
covers, it is one of the easiest and 
clearest text-books on the calculus 
we know. 

Boston Advertiser : It reflects a 
high measure of credit upon the au- 
thor. He certainly has succeeded to a 
degree that may well insure for the 
present volume extended use as a text- 
book in our colleges. He has shown a 
thorough, comprehensive grasp of his 
subject, and has brought this to bear 
with singular force in his pointed defi- 
nitions, and in the clear reasoning of 
his demonstrations. 

Tlie Nation, Ne^jo York: It has 
two marked characteristics. In the 
first place, it is evidently a most care- 
ftilly written book. There is nothing 
vague or slipshod in it Nearly every 
sentence, certainly every theorem, seems 
to have been constructed with a stren- 
uous effort to give it clearness and pre- 
cision. This constant attention to the 
form of expression has enabled the 
author to be concise without becoming 
obscure. We are acquainted with no 
text-book of the calculus which com- 
presses so much matter into so few 
pages, and at the same time leaves the 
impression that all that is necessary 
has been said. In the second place, 
the number of carefiilly selected ex- 
amples, both of those worked out in 
full in illustration of the text, and of 
those left for the student to work out 
for himself, is extraordinary. From 
this point of view those teachers and 
pupils who are accustomed to or prefer 
a different text-book, would still do 
well to provide themselves with this, 
regarding it merely as a collection of 
examples and without any reference to 
the text 
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Metrical Geometry: An Elementary Treatise on 

Mensuration, By George Bruce Halsted, Ph.D., Prof. Mathema- 
tics, University of Texas, Austin. i2mo. Cloth. 246 pages. Mailing 
price, $1.10; Introduction, ^i.oo. 

This work applies new principles and methods to simplify the 
measurement of lengths, angles, areas, and volumes. It is strictly 
demonstrative, but uses no Trigonometry, and is adapted to be taken 
up in connection with, or following any elementary Geometry. It 
treats of accessible and inaccessible straight lines, smd of their inter- 
dependence when in triangles, circles, etc. ; also gives a more rigid 
rectification of the circumference, etc. It introduces the natural 
unit of angle, and deduces the ordinary and circular measure. 
Enlisting the auxiliary powers which modern geometers have recog- 
nized in notation, it binds up each theorem also in a self-«xplanatory 
formula, and this throughout the whole book on a system which 
renders confusion impossible, and surprisingly facilitates acquire- 
ment, as has been tested with very large classes in Princeton College. 
In addition to all the common propositions about areas, a new 
method, applicable to any polygon, is introduced, which so simplifies 
and shortens all calculations, that it is destined to be universally 
adopted in surveying, etc. In addition to the circle, sector, segment, 
zone, annulus, etc., the parabola and ellipse are measured ; and be- 
sides the common broken and curved surfaces, the theorems of 
Pappus are demonstrated. Especial mention should be made of the 
treatment of solid angles, which is original, introducing for the first 
time, we think, the natural unit of solid angle, and making spherics 
easy. For solids, a single informing idea is fixed upon of such 
fecundity as to place within the reach of children results heretofore 
only given by Integral Calculus. Throughout, a hundred illustrative 
examples are worked out, and at the end are five hundred carefully 
arranged and indexed exercises, using the metric system. 

OPINIONS. 



Simon Newcomb, Nautical Al- 
manac Office, Washington, D,C. : I am 
much interested in your Mensuration, 
and wish I had seen it in time to have 
some exercises suggested by it put into 
my Geometry. {JSept, 8, 188 1.) 



Alexander MacFarlane, Exam^ 
iner in Mathematics to the University 
of Edinburgh, Scotland: The method, 
figures, and examples appear excellent, 
and I anticipate much benefit from its 
minute perusal 
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Elementary Co-ordinate Geometry. 

Bv W. B. Smith, Professor of Physics, Missouri State University. i2mo. 
Cloth. 312 pp. Mailing price, ^2.15 ; for Introduction, $2.00. 

While in the study of Analytic Geometry either gain of knowledge 
or culture of mind may be sought, the latter object alone can justify 
placing it in a college curriculum. Yet the subject may be so pur- 
sued as to be of no great educational value. Mere calculation, or the 
solution of problems by algebraic processes, is a very inferior dis- 
cipline of reason. Even geometry is not the best discipline. In all 
thinking the real difficulty lies in forming clear notions of things. 
In doing this all the higher faculties are brought into play. It is this 
formation of concepts, therefore, that is the essential part of mental 
training. He who forms them clearly and accurately may be safely 
trusted to put them together correctly. Nearly every seeming mis- 
take in reasoning is really a mistake in conception. 

Such considerations have guided the composition of this book. 
Concepts have been introduced in abundance, and the proofs made 
to hinge directly upon them. Treated in this way the subject 
seems adapted, as hardly any other, to develop the pow^ of 
thought. 

Some of the special features of the work are : — 

1. Its SIZE is such it can be mastered in the time generally 
allowed. 

2. The SCOPE is far wider than. in any other American work. 

3. The combination of small size and large scope has been secured 
through SUPERIOR methods, — modern, direct, and rapid, 

4. Conspicuous among such methods is that of determinants, 
here presented, by the union of theory and practice, in its real 
power and beauty. 

5. Confusion is shut out by a consistent and self-explaining 
notation. 

6. The order of development is natural, and leads without 
break or turn from the simplest to the most complex. The method 
is heuristic, 

7. The student's grasp is strengthened by numerous exercises. 

8. The. work has been tested at every point in the class- 
room. 
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Determinants. 

The Theory of Determinants : an Elementary Treatise. By Paul H. 
Hanus, B.S., Professor of Mathematics in the University of Colorado. 
8vo. Cloth, ooo pages. Mailing price, jk).oo; for Introduction, jk).oo. 

This is a text-book for the use of students in colleges and tech- 
nical schools. The need of an American work on determinants 
has long been felt by all teachers and students who have extended 
their reading beyond the elements of mathematics. The importance 
of the subject is no longer overlooked. The shortness and elegance 
imparted to many otherwise tedious processes, by the introduction 
of determinants, recommend their use even in the more elementary 
branches, while the advanced student cannot dispense with a knowl- 
edge of these valuable instruments of research. Moreover, deter- 
minants are employed by all modern writers. 

This book is written especially for those who have had no previous 
knowledge of the subject, and is therefore adapted to self-instruction 
as well as to the needs of the class-room. To this end the subject 
is at first presented in a very simple manner. As the reader ad- 
vances, less and less attention is given to details. Throughout the 
entire work it is the constant aim to arouse and enliven the reader's 
interest by first showing how the various concepts have arisen 
naturally, and by giving such applications as can be presented with- 
out exceeding the limits of the treatise. The work is sufficiently 
comprehensive to enable the student that has mastered the volume 
to use the determinant notation with ease, and to pursue his further 
reading in the modern higher algebra with pleasure and profit. 

In Chapter I. the evolution of a theory of determinants is touched 
upon, and it is shown how determinants are produced in the process 
of eliminating the variables from systems of simple equations with 
some further preliminary notions and definitions. 

In Chapter II. the most important properties of determinants are 
discussed. Numerous examples serve to fix and exemplify the prin- 
ciples deduced. 

Chapter III. comprises half the entire volume. It is the design 
of this chapter to familiarize the reader with the most important 
special forms that occur in application, and to enable him to realize 
the practical usefulness of determinants as instruments of research. 

[Ready June i. 
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Examples of Differential Equations. 

By George A. Osborne, Professor of Mathematics in the Massachusetts 
Institute of Technology, Boston. i2ino. Qoth. viii+5opp. Mail- 
ing price, 60 cts.; for Introduction, 50 cts. 

Notwithstanding the importance of the study of Differential Equa- 
tions, either as a branch of pure mathematics, or as applied to 
Geometry or Physics, no American work on this subject has been 
published containing a classified series of examples. This book is 
intended to supply this want, and provides a series of nearly three 
hundred examples with answers systematically arranged and grouped 
under the different cases, and accompanied by concise rules for the 
solution of each case. 

It is hoped that the work will be found useful, not only in the 
study of this important subject, but also by way of reference to 
mathematical students generally whenever the solution of a differen- 
tial equation is required. 

Elements of the Theory of the Newtonian Poten- 

tial Function. By B. O. Peirce, Assistant Professor of Mathematics 
and Physics, Harvard University. i2mo. Cloth. 154 pages. Mailing 
price, I1.60; for Introduction, I1.50. 

A knowledge of the properties of this function is essential for 
electrical engineers, for students of mathematical physics, and for 
all who desire more than an elementary knowledge of experimental 
physics. 

This book, based upon notes made for class-room use, was written 
because no book in English gave in simple form, for the use of 
students who know something of the calculus, so much of the theory 
of the potential function as is needed in the study of physics. 
Both matter and arrangement have been practically adapted to the 
end in view. 

Chapter I. The Attraction of Gravitation. 

II. The Newtonian Potential Function in the Case of Gravitation. 

III. The Newtonian Potential Function in the Case of Repulsive 

Forces. 

IV. Surface Distributions. Green's Theorem. 

V. Application of the Results of the Preceding Chapters to 
Electrostatics. 
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A Short Table of Integrals. 



To accompany BYERLY'S INTEGRAL CALCULUS, By B. O. 
Peirce, Jr., Instructor in Mathematics, Harvard University. 1 6 pages. 
Mailing Price, lo cts. To be bound with future editions of the Calculus. 

Elements of Quaternions. 

By A. S. Hardy, Ph.D., Professor of Mathematics, Dartmouth College. 
Crown Svo. Cloth. 240 pages. Mailing Price, I2.1 5; Introduction, 
^2.00. 

The chief aim has been to meet the wants of beginners in the 
class-room. The Elements and Lectures of Sir W. R. Hamilton 
are mines of wealth, and may be said to contain the suggestion 
of all that will be done in the way of Quaternion research and 
application : for this reason, as also on account of their diffuseness 
of style, they are not suitable for the purposes of elementary instruc- 
tion. The same may be said of Tait's Quaternions, a work of 
great originality and comprehensiveness, in style very elegant but 
very concise, and so beyond the time and needs of the beginner. 
The Introduction to Quaternions by Kelland contains many exer- 
cises and examples, of which free use has been made, admirably 
illustrating the Quaternion spirit and method, but has been found, 
in the class-room, practically deficient in the explanation of the 
theory and conceptions which underlie these applications. The 
object in view has thus been to cover the introductory ground more 
thoroughly, especially in symbolic transformations, and at the same 
time to obtain an arrangement better adapted to the methods of 
instruction conmion in this country. 



FBOM COIXBGE PBOFBSSORS. 



James Mills Peirce, Prof, of 
Math,^ Harvard Coll,: I am much 
pleased with it. It seems to me to 
supply in a very satisfactory manner 
the need which has long existed of a 
clear, concise, well-arranged, and logi- 
cally-developed introduction to this 
branch of Mathematics. I think Prof. 
Hardy has shown excellent judgment 
in his methods of treatment, and also 
in limiting himself to the exposition 



and illustration of the fundamental 
principles of his subject. It is, as it 
ought to be, simply a preparation for 
the study of the writings of Hamilton 
and Tait. 

Charles A, Young*, Prof, of 
Astronomy, Princeton Coll,: I find it 
by far the most clear and intelligible 
statement of the matter I have yet 
seen. 
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J*rices, 

By«rljr Differential Calcahis ^2,00 

Integral Calculus 2.00 

GInn Addition Manual *. . .15 

Halated Mensuration 1.00 

Hardy Quaternions 2.00 

Hill Geometry foir Beginners - 1.00 

Spragne Rapid Addition 10 

Taylor Elements of the Calculus 1.80 

Wentworth Grammar School Arithmetic 75 

Shorter Course in Algebra 1.00 

Elements of Algebra 1.12 

Complete Algebra 1.40 

. Plane Geometry 75 

Plane and Solid Geometry 1.25 

Plane and Solid Geometry, and Trigonometry 1.40 
Plane Trigonometry and Tables. Paper, . .60 
PI. and Sph. Trig., Surv., and Navigation . 1.12 

PL and Sph. Trig., Surv., and Tables 1.25 

Trigonometric Formulas 1.00 

Wentworth AHfll: Practical Arithmetic 1.00 

Abridged Practical Arithmetic 75 

Exercises in Arithmetic 

Part I. Exercise Manual 

Part II. Examination Manual 35 

Answers (to both Parts) 25 

Exercises in Algebra 70 

Part I. Exercise Manual 35 

Part II. Examination Manual 35 

Answers (to both Parts) 25 

Exercises in Geometry 70 

Five-place Log. and Trig. Tables (7 Tables) .50 

Five-place Log. and Trig. Tables ( Comp. Ed. ) 1.00 

Wentworth & Reed : First Steps in Number, Pupils' Edition .30 

Teachers' Edition^ complete .90 
Parts I., II., and III. (separate), each .30 

Wheeler Plane and Spherical Trig, and Tables 1.00 

Copies sent to Teachers for examination^ with a view to Introduction^ 
on receipt of Introduction Price. 
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